
1.2. Beta function

1.2 Beta function

De�nition 1.2.1 The Beta function is a type of Euler integral de�ned by

B(p; q) =

Z 1

0

tp�1(1� t)p+1dt; p; q 2 C;Re(p) > 0;Re(q) > 0:

Proposition 1.2.1 For all p; q 2 C; with Re(p) > 0;Re(q) > 0; we have

B(p; q) =
� (p) � (q)

� (p+ q)
:

Proof. Let D = (0;+1)� (0;+1); we have

� (p) � (q) =

�Z +1

0

xp�1e�xdx

��Z +1

0

yq�1e�ydy

�
=

Z Z
D

xp�1yq�1e�(x+y)dxdy:

Using a coordinate change, consider the new coordinates8<: u = x+ y

v = x
x+y

=)

8<: x = uv

y = u (1� v)
;

and

@(x; y)

@(x; y)
=

������ v u

1� v �u

������ = �uv � u(1� v) = �u:
Just as the domain D0 corresponding to D in the coordinates u; v is

D0 = f(u; v) : u � 0; 0 � v � 1g :

SoZ Z
D

xp�1yq�1e�(x+y)dxdy =

Z Z
D0
(uv)p�1 (u (1� v))q�1 e�u j�uj dudv

=

Z Z
D0
up+q�1vp�1 (1� v)q�1 e�ududv

=

Z +1

0

Z 1

0

up+q�1vp�1 (1� v)q�1 e�ududv

=

�Z +1

0

up+q�1e�udu

��Z 1

0

vp�1 (1� v)q�1 dv
�

= � (p+ q)B(p; q):

Therefore

B(p; q) =
� (p) � (q)

� (p+ q)
:
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