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1.3 Mittag-Le­ er function

De�nition 1.3.1 The Mittag-Le­ er function is de�ned by

E�(x) =

+1X
k=0

xk

� (�k + 1)
; � > 0;

and the generalized Mittag-Le­ er function is de�ned by

E�;�(x) =
+1X
k=0

xk

� (�k + �)
; �; � > 0:

Exemple 1.3.1

1) E1;1(x) = E1(x)

=
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k=0

xk

� (k + 1)

=
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k=0

xk

k!

= ex:

2) E1;2(x) =
+1X
k=0

xk

� (k + 2)

=
1

x

+1X
k=0

xk+1

(k + 1)!

=
1

x
(ex � 1) :

3) E2;1(x) = E2(x)

=

+1X
k=0

xk

� (2k + 1)

=
+1X
k=0

xk

(2k)!

= cosh
p
x:

4) E1;3(x) =
+1X
k=0

xk

� (k + 3)

=
1

x2
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(k + 2)!

=
1

x2
(ex � 1� x) :
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Proposition 1.3.1 For �; � > 0; � 2 R we have

L
�
t��1E�;�(�t

�)
�
(s) =

s���

s� � �; s > 0;
���� �s�
���� < 1;

where L [:] (s) is the Laplace transform [8].

Proof. Taking the Laplace transform of the function t��1E�;�(�t�); we obtain

L
�
t��1E�;�(�t

�)
�
(s) =

Z 1

0

t��1E�;�(�t
�)e�stdt

=

Z 1

0

t��1
1X
k=0

(�t�)k

�(k�+ �)
e�stdt

=

1X
k=0

�k

�(k�+ �)

Z 1

0

t�k+��1e�stdt:

Now, by integration by parts, we haveZ 1

0

t�k+��1e�stdt =
1

s�k+�
�(k�+ �):

Therefore, we have

L
�
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�)
�
(s) =
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�k

�(k�+ �)

1

s�k+�
�(k�+ �)

=
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=
1

s�

1X
k=0

�
�

s�

�k
=

1

s�
1

1� �
s�

;

���� �s�
���� < 1

=
s���

s� � �;
���� �s�
���� < 1:

7


