2.2. Fractional derivatives

2.2.1 Fractional derivatives of Riemann-Liouville
If & > 0, we note [] the integer part of «, (o] is the unique integer verifying [a] < a < [a]+1.
Let f : [a,b] — R. Inspired by the classical relation

d &
g = ae ° e

we can define a fractional derivative of order 0 < o« < 1 by
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More generally, if & > 0 and n = [a] + 1, we can put

da dn n—o
— = — o0 .
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We obtain exactly the Riemann Liouville fractional derivative on the left.

Definition 2.2.1 Let o > 0 and n = [a] + 1. The left Riemann-Liouville fractional deriva-
tive of order o of f is defined by

vt € [a,0] : Dl () = (%) T = ey g [ (=T R,

Furthermore, we saw that definition 2.2.1 of right integral was associated with —d/dt.

The preceding reasoning therefore leads to the following definition

Definition 2.2.2 Let o > 0 and n = [a] + 1. The right Riemann-Liouville fractional deriv-
atiwe of order o of f is defined by

n —_1\" n b
Vt € [a,b] : Dy f(t) = (—%) o [}~ (t):%% /t (r— )"t f(r)dr.

If now f : R — R, the previous definitions generalize directly and are called Liouville

fractional derivatives.

Definition 2.2.3 Let o > 0 and n = [a] + 1. The left Riemann-Liouville fractional deriva-
tive of order o of f is defined by

VieR:DOf(t) = (%) o I f(t) = F(; d" / (t — 1)L f(r)dr.

n—a)dr |
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Furthermore, we saw that definition 2.2.3 of right integral was associated with —d/dt.

The preceding reasoning therefore leads to the following definition

Definition 2.2.4 Let o > 0 and n = [a] + 1. The right Riemann-Liouville fractional deriv-
ative of order o of f is defined by
d\" . (=" dv [ a1
teR:DYf(t) = —— I"%f(t) = ————— — )" dr.

e )= (-5) ot - s [ o

Remark 2.2.1 1) For a =0 and n = 1, we have
d
DY 7(1) = o I (1) = f().

2) All these derivatives coincide with the usual derivatives for integer orders, ¥n € N*

we have
D2 7(1) = Dy A1) = S f).
Dy £(1) = D (1) = (-1 S £(0)

Proposition 2.2.1 For a > 0,5 > 0, we have

1) DY (t —a)’t = G (t —a)?~L.

o o L) a1
2) D (b—t)’7t = m(b — )t

Proof. 1) We put f(t) = (t — a)’~1, according to definition 2.2.1 and proposition 2.1.1

(i)n(t—a)n_aw—l = m—a+f-Dn-a+B-2).(n—a+p—-1—(n—1))(t—a) 1!

dt
= m—a+B-1)n—a+p-2)..(8-a)(t—a)l ",

we have

and

and on the other hand

F'm—a+p) = m—a+8-1)Tn—a+p-1)
= n—a+f8-1n—a+p-2)'n—a+p—2)
= n—a+p-1n—a+p—-2)...(8—a)(8—a).
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So

) g (Bt i
r(n—a+@)( +8—1)( +0-2)..(B-a){t—a)

FrByn—a+pB-1)(n—a+p-2)..(0—«) (t — a)f-a1
m—a+pf-1)n—a+p—-2)..(0—a)(8—a)

L), e

-

2) In the same way. =

D3 f(t)

Remark 2.2.2 For A= —1 and a = 0 we have

Dot = r(nli(iii)H) m—a+A)(n—at+A-1).(A+1-a)"
T+ o
= F(n_a+)\+1)(n—(@—)\))(n—1—(@—)\))...(1—(04—)\))15

PO aea
F()\—a+1)t>\ ) st — A ¢ {L 2, ,’I’L} A> 1

0, sia—XNe{l,2,...,n}

Ifa—Xe{l,2,.,.n} =a—-A=m=A=a—m,me{1,2,...,n} ie
ot M =0,me{1,2,...,n}.

Remark 2.2.3 If § = 0 and a = 0, the Riemann-Liouville fractional derivative of a con-

stant C' € R is non-zero and its value is

o O —Q
Da+0 == mt .

2.2.2 Fractional derivatives of Caputo

This definition based on the inversion of the compositions in the formula of definition 2.2.1

also seems reasonable to define a fractional derivative called Caputo fractional derivative.

Definition 2.2.5 Let a > 0 and n = [o] + 1. The left Caputo fractional derivative of order
a of f is defined by

vt € [a,b] :© Dy f(t) = I'"%o (%) f(t) = ﬁ/ (t — 7)ot ) (r)dr

n—uo
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