4.3. Boundary problem of fractional differential equation

4.3 Boundary problem of fractional differential equa-
tion

In this part we will study the existence and uniqueness of the solution of a fractional differ-

ential equation limit problem in forms following form

“Du(t) = f(t,u(t))

au(0) + bu(T) =c 43.1)

where t € [0,7],0 < o <1, f:[0,7] x R — R is a continuous function and a, b, ¢ real

constants with a + b # 0.

Definition 4.3.1 We say that a function v € C*([0,T],R), is solution of the problem
(4.8.1) if u verify the equation ©D*u(t) = f(t,u(t)), on A and with the condition au(0) +
bu(T) = c.

Lemma 4.3.1 Let 0 < a <1 and let h : [0,T] — R is a continuous function. A function

u 18 a solution to the boundary problem

“Deu(t) =h(t),t€10,7T],0<a <1

, (4.3.2)
au(0) + bu(T) = ¢
if and only if it is the solution of the integral equation
u(t) = L /t(t —5)* 'h(s)ds — L {L /T(T — 5)* 1 h(s)ds — ¢ (4.3.3)
- T(a) Jo a+b |[T(a) Jo ' e

Proof. We apply the operator I* to equation (4.3.2) we find

I°“Du(t) = I*h(t)
= u(t) +co = I*h(t)

= u(t) = I“h(t) — co.
According to the boundary conditions we have

u(0) = I%h(0) — co = —co,
w(T) = IW(T) — co.
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So
au(0) +bu(T) = —acoy+b[IW(T) —co] =¢
= acy + bcy = bI*h(T) — ¢
1
= I1¢h(T) — .
= G a—l—b[b MT)—c,a+b#0
Then

u(t) — Iah(t)—a%b[bfahm—c]

_ ﬁ/ﬂt(t—s)o‘lh(s)ds— - {% /OT(T—s)alh(s)ds—c .

Conversely we have

1

u(t) = Ih(t) = —

[bIh(T) — c].
We apply ©D® to the integral equation (4.3.3)

1
C Nna C nara C Na «
D%u(t) = “D*I*h(t) =" D P [bI“h(T) — |

= h(t).

All that remains is to verify that au(0) 4+ bu(T) = ¢

{ u(0) = I°h(0) — -1 [pI°h(T) — d
u(T) = I*h(T) — 25 [BI°A(T) — ¢
So
au(0) + bu(T) = a {1%(0) — a%b [pI*W(T) =] + b | T*W(T) — aib [bI*A(T) —c]”
= — i  I°R(T) = ] + bI°A(T) — —— [BI*W(T) —
_ _Z 1 Z BICR(T) — ] + bI®h(T)

= —bI°h(T) + c+bI“KW(T)

= C

Then there is a solution to the problem (4.3.2). m
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Theorem 4.3.1 Let 0 < o <1 and f : [0,T] x R — R and verifies the following Lipschitz
condition

|[f(t,u) — f(t,v)] < k|lu—o|,Vt€[0,T] and u,v € R.

If

a |b]
KT (1+ |Ml) _
I'a+1) ’
then the problem (4.3.1) admits a unique solution on [0,T].

Proof. We transform the problem (4.3.1) into a fixed point problem, Consider the
operator
F:C([0,T],R) — C(]0,T],R),
defined by
1 b

Fu(t) = Ta)/o (t —5)* 1 f(s,u(s))ds — P {m/o (T — s)* " f(s,u(s))ds —(z 3.4)

So the fixed points of F' are the solutions of the problem (4.3.1) we have:
F is well defined, in fact: if u € C([0,T],R) then Fu(t) € C([0,T],R), so if showing F'
is contraction then F' admits a point fixed in effect if uy, uy € C([0,T],R), then V¢ € [0, 7],

we have
1 t
[Fuy(t) — Fug(t)| = —/ (t =) f(s,un(s)) — f(s,ua(s))| ds
I'(a) Jo
B et sy ua(5)) — (o)) s
N )|a+bl
< k ua(s) —U2 |/ B a1d8+|b|/€\m — u(s |/ _ )olds
) |la+ b
kT (1+ u)
|a+b|
< L ) — ()]
So
ke (14 )
kKT (14 755) . . :
By virtue of ey < 1, we can deduce that F' is a contraction and according to

Banach’s theorem, F' admits a unique fixed point which is a solution of problem (4.3.1). =

We use Schaefer’s fixed point theorem as the second result of the solution of (4.3.1).
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Theorem 4.3.2 Consider the following two conditions:
(H1) The function f:[0,7]: R — R is continuous.
(H2) There exists a constant M > 0 such that

|f(t,u)| < M,Vt € [0,T] and u € R.

Then, problem (4.3.1) admits at least one solution on [0,T].

Proof. We will use Schaefer’s fixed point theorem to show that F' defined by (4.3.4)
admits a fixed point. The demonstration is done in several stages.

Step 1. F' is continuous.

Let {u,} be a sequence in C([0, 7], R) converge for ||.|| , to u, i.e.

lim ||u, —ul =0.

n—-:uoo

It must be shown that lim,_, || Fu, — Ful|,, = 0.Vt € [0,T], we have

Punt) = Put)] < s [ 0= 97 () s s
St [ = )~ s as
< ﬁ / (1) -18331:;]|f<s un5)) = F5,u(s)) | ds
R / s 1F(s, () = F s, u(5) s
) Hf( D) O T [ s B [ ]
T (14

aT(a) 1 un()) = F ()l -

Since f is continuous, then

o ||
T (1 + |a+b]

al'(a)

Hence the continuity of F.

[Fun — Full, < ) 1FCun()) = f(u)lle — O when n — oo.
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Step 2. The image of any set bounded by F is a set bounded in C([0, 7], R), in fact it
is enough to show that for all » > 0, there exists a constant L > 0, for all u € B,
B, = {u S O([OvT]7R)7 ||u||oo < T}v

we have ||Ful| < L.
By (H2) we have for all t € [0, 7],
1

' o] ! ]
Fu) < - [ (= g0 s+l [ =g ds+ 19
POl < g [ =0 s lds+ i [0 =9 sl ds+
M [ _ M |b| T _ |c|

< o a—1 it bl _ a—1

< F(a)/o(t ) ts 4 P [

M e MPL .l

— al(a) al'(a) |a + b la +b|

So
M M |b| <]
F < @ « = L.
| UHO"_F(a—I—l) F(a+1)|a+ 0 la + b

Consequently F'(B,) is bounded.
Step 3. The image of everything bounded by F' is an equicontinuous set of C'([0, 7], R).
Let t1,t2 € (0,T],t; < tg, B, a bounded set of C'([0,7],R) and let u € B,, so

Fu(ty) — Fu(t)] < % /0 (b= )" — (1 — )" ] ds
—i—%/tZ(tQ — 5)* s
M o o M e
< al(a) [(ta = t1)" + 17 = 15] + al(a) (t2 — 1)
M o (6% (67
< m(tz —t)* + m(tl —13).

when t; — t5, momber right of the previous inequality tends towards 0, hence the
continuity of F' according to step 2 and 3 and the Ascoli-Arzéla theorem, F(B,) is relatively
compact for all bounded B,. i.e. F'is completely continuous and by step 1, F' is continuous
hence, F': C([0,T],R) — C([0,T],R) is continuous and completely continuous.

Step 4. So it remains to show that ¢ = {u € C(A,R) : u = AFu} such that 0 < A < 1,
is limited.

Let u € e = u = AFu, therefore Vt € [0, T], we have

u=) {ﬁ / - (s u(s))ds — [% / (T s u(s))ds — H ,
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and according to (H2) and Vt € [0, T], we have

1 b ! o
< a1 d 7 T — a—1 d
\Fu(t)] < —P(a)/o(t $)* 1| f (s, uls))] S ) |a+b|/0 (T = )" | f(s,u(s))| S T
Mot M |b| T ]
< b a_ld e o T — a—ld
= F(Oé)/o( s) S+F(a)\a+b! 0 ( ) 8+|@+b’
o M . M o, ]
~ al(a) al'(«) |a + b| la + 0|
So
M M |b] ]
F < @ « ——— =R.
el = vy s e

This shows that ¢ is bounded. then according to Schaefer’s theorem 4.1.5 we deduce

that F admits at least one fixed point that is a solution of the problem (4.3.1) on [0,7]. m
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