
4.3. Boundary problem of fractional di¤erential equation

4.3 Boundary problem of fractional di¤erential equa-

tion

In this part we will study the existence and uniqueness of the solution of a fractional di¤er-

ential equation limit problem in forms following form8<: CD�u(t) = f(t; u(t))

au(0) + bu(T ) = c
; (4.3.1)

where t 2 [0; T ] ; 0 < � � 1; f : [0; T ] � R �! R is a continuous function and a; b; c real

constants with a+ b 6= 0:

De�nition 4.3.1 We say that a function u 2 C1([0; T ];R); is solution of the problem

(4.3.1) if u verify the equation CD�u(t) = f(t; u(t)); on A and with the condition au(0) +

bu(T ) = c:

Lemma 4.3.1 Let 0 < � � 1 and let h : [0; T ] �! R is a continuous function. A function

u is a solution to the boundary problem8<: CD�u(t) = h(t); t 2 [0; T ] ; 0 < � � 1
au(0) + bu(T ) = c

; (4.3.2)

if and only if it is the solution of the integral equation

u(t) =
1

�(�)

Z t

0

(t� s)��1h(s)ds� 1

a+ b

�
b

�(�)

Z T

0

(T � s)��1h(s)ds� c
�
: (4.3.3)

Proof. We apply the operator I� to equation (4.3.2) we �nd

I� CD�u(t) = I�h(t)

=) u(t) + c0 = I
�h(t)

=) u(t) = I�h(t)� c0:

According to the boundary conditions we have

u(0) = I�h(0)� c0 = �c0;

u(T ) = I�h(T )� c0:
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4.3. Boundary problem of fractional di¤erential equation

So

au(0) + bu(T ) = �ac0 + b [I�h(T )� c0] = c

=) ac0 + bc0 = bI
�h(T )� c

=) c0 =
1

a+ b
[bI�h(T )� c] ; a+ b 6= 0:

Then

u(t) = I�h(t)� 1

a+ b
[bI�h(T )� c]

=
1

�(�)

Z t

0

(t� s)��1h(s)ds� 1

a+ b

�
b

�(�)

Z T

0

(T � s)��1h(s)ds� c
�
:

Conversely we have

u(t) = I�h(t)� 1

a+ b
[bI�h(T )� c] :

We apply CD� to the integral equation (4.3.3)

CD�u(t) = CD�I�h(t)�C D�

�
1

a+ b
[bI�h(T )� c]

�
= h(t):

All that remains is to verify that au(0) + bu(T ) = c8<: u(0) = I�h(0)� 1
a+b
[bI�h(T )� c]

u(T ) = I�h(T )� 1
a+b
[bI�h(T )� c]

:

So

au(0) + bu(T ) = a

�
I�h(0)� 1

a+ b
[bI�h(T )� c] + b

�
I�h(T )� 1

a+ b
[bI�h(T )� c]

��
= � a

a+ b
[bI�h(T )� c] + bI�h(T )� b

a+ b
[bI�h(T )� c]

= �a+ b
a+ b

[bI�h(T )� c] + bI�h(T )

= �bI�h(T ) + c+ bI�h(T )

= c

Then there is a solution to the problem (4.3.2).
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Theorem 4.3.1 Let 0 < � � 1 and f : [0; T ]�R �! R and veri�es the following Lipschitz

condition

jf(t; u)� f(t; v)j � k ju� vj ;8t 2 [0; T ] and u; v 2 R:

If
kT�

�
1 + jbj

ja+bj

�
�(�+ 1)

< 1;

then the problem (4.3.1) admits a unique solution on [0; T ]:

Proof. We transform the problem (4.3.1) into a �xed point problem, Consider the

operator

F : C([0; T ];R) �! C([0; T ];R);

de�ned by

Fu(t) =
1

�(�)

Z t

0

(t� s)��1f(s; u(s))ds� 1

a+ b

�
b

�(�)

Z T

0

(T � s)��1f(s; u(s))ds� c
�
:

(4.3.4)

So the �xed points of F are the solutions of the problem (4.3.1) we have:

F is well de�ned, in fact: if u 2 C([0; T ];R) then Fu(t) 2 C([0; T ];R); so if showing F
is contraction then F admits a point �xed in e¤ect if u1; u2 2 C([0; T ];R); then 8t 2 [0; T ];
we have

jFu1(t)� Fu2(t)j =
1

�(�)

Z t

0

(t� s)��1 jf(s; u1(s))� f(s; u2(s))j ds

+
jbj

�(�) ja+ bj

Z T

0

(T � s)��1 jf(s; u1(s))� f(s; u2(s))j ds

� k ju1(s)� u2(s)j
�(�)

Z t

0

(t� s)��1ds+ jbj k ju1(s)� u2(s)j
�(�) ja+ bj

Z T

0

(T � s)��1ds

�
kT�

�
1 + jbj

ja+bj

�
��(�)

ju1(s)� u2(s)j :

So

kFu1 � Fu2k1 �
kT�

�
1 + jbj

ja+bj

�
�(�+ 1)

ku1 � u2k1 :

By virtue of
kT�(1+ jbj

ja+bj)
�(�+1)

< 1, we can deduce that F is a contraction and according to

Banach�s theorem, F admits a unique �xed point which is a solution of problem (4.3.1).

We use Schaefer�s �xed point theorem as the second result of the solution of (4.3.1).
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4.3. Boundary problem of fractional di¤erential equation

Theorem 4.3.2 Consider the following two conditions:

(H1) The function f : [0; T ] : R �! R is continuous.

(H2) There exists a constant M > 0 such that

jf(t; u)j �M; 8t 2 [0; T ] and u 2 R:

Then, problem (4.3.1) admits at least one solution on [0; T ]:

Proof. We will use Schaefer�s �xed point theorem to show that F de�ned by (4.3.4)

admits a �xed point. The demonstration is done in several stages.

Step 1. F is continuous.

Let fung be a sequence in C([0; T ];R) converge for k:k1 to u; i.e.

lim
n�!1

kun � uk1 = 0:

It must be shown that limn�!1 kFun � Fuk1 = 0:8t 2 [0; T ]; we have

jFun(t)� Fu(t)j �
1

�(�)

Z t

0

(t� s)��1 jf(s; un(s))� f(s; u(s))j ds

+
jbj

�(�) ja+ bj

Z T

0

(T � s)��1 jf(s; un(s))� f(s; u(s))j ds

� 1

�(�)

Z t

0

(t� s)��1 sup
s2[0;T ]

jf(s; un(s))� f(s; u(s))j ds

+
jbj

�(�) ja+ bj

Z T

0

(T � s)��1 sup
s2[0;T ]

jf(s; un(s))� f(s; u(s))j ds

� kf(:; un(:))� f(:; u(:))k1
�(�)

�Z t

0

(t� s)��1ds+ jbj
ja+ bj

Z T

0

(T � s)��1ds
�

�
T�
�
1 + jbj

ja+bj

�
��(�)

kf(:; un(:))� f(:; u(:))k1 :

Since f is continuous, then

kFun � Fuk1 �
T�
�
1 + jbj

ja+bj

�
��(�)

kf(:; un(:))� f(:; u(:))k1 ! 0 when n �!1:

Hence the continuity of F:
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4.3. Boundary problem of fractional di¤erential equation

Step 2. The image of any set bounded by F is a set bounded in C([0; T ];R); in fact it

is enough to show that for all r > 0; there exists a constant L > 0; for all u 2 Br

Br = fu 2 C([0; T ];R); kuk1 � rg ;

we have kFuk1 � L:
By (H2) we have for all t 2 [0; T ];

jFu(t)j � 1

�(�)

Z t

0

(t� s)��1 jf(s; u(s))j ds+ jbj
�(�) ja+ bj

Z T

0

(T � s)��1 jf(s; u(s))j ds+ jcj
ja+ bj

� M

�(�)

Z t

0

(t� s)��1ds+ M jbj
�(�) ja+ bj

Z T

0

(T � s)��1ds+ jcj
ja+ bj

� M

��(�)
T� +

M jbj
��(�) ja+ bjT

� +
jcj

ja+ bj :

So

kFuk1 �
M

�(�+ 1)
T� +

M jbj
�(�+ 1) ja+ bjT

� +
jcj

ja+ bj = L:

Consequently F (Br) is bounded.

Step 3. The image of everything bounded by F is an equicontinuous set of C([0; T ];R):

Let t1; t2 2 (0; T ]; t1 < t2; Br a bounded set of C([0; T ];R) and let u 2 Br; so

jFu(t1)� Fu(t2)j �
M

�(�)

Z t1

0

�
(t1 � s)��1 � (t2 � s)��1

�
ds

+
M

�(�)

Z t2

t1

(t2 � s)��1ds

� M

��(�)
[(t2 � t1)� + t�1 � t�2 ] +

M

��(�)
(t2 � t1)�

� M

�(�+ 1)
(t2 � t1)� +

M

�(�+ 1)
(t�1 � t�2 ):

when t1 �! t2; momber right of the previous inequality tends towards 0; hence the

continuity of F according to step 2 and 3 and the Ascoli-Arzélà theorem, F (Br) is relatively

compact for all bounded Br. i.e. F is completely continuous and by step 1, F is continuous

hence, F : C([0; T ];R) �! C([0; T ];R) is continuous and completely continuous.

Step 4. So it remains to show that " = fu 2 C(A;R) : u = �Fug such that 0 < � < 1;
is limited.

Let u 2 " =) u = �Fu; therefore 8t 2 [0; T ]; we have

u = �

�
1

�(�)

Z t

0

(t� s)��1f(s; u(s))ds� 1

a+ b

�
b

�(�)

Z T

0

(T � s)��1f(s; u(s))ds� c
��
;
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and according to (H2) and 8t 2 [0; T ]; we have

jFu(t)j � 1

�(�)

Z t

0

(t� s)��1 jf(s; u(s))j ds+ jbj
�(�) ja+ bj

Z T

0

(T � s)��1 jf(s; u(s))j ds+ jcj
ja+ bj

� M

�(�)

Z t

0

(t� s)��1ds+ M jbj
�(�) ja+ bj

Z T

0

(T � s)��1ds+ jcj
ja+ bj

� M

��(�)
t� +

M jbj
��(�) ja+ bjT

� +
jcj

ja+ bj :

So

kFuk1 �
M

�(�+ 1)
T� +

M jbj
�(�+ 1) ja+ bjT

� +
jcj

ja+ bj = R:

This shows that " is bounded. then according to Schaefer�s theorem 4.1.5 we deduce

that F admits at least one �xed point that is a solution of the problem (4.3.1) on [0; T ]:
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