
3.2. Fractional di¤erential equation of the Caputo type
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3.2 Fractional di¤erential equation of the Caputo type

We start with the homogeneous equation of Caputo type.

Lemma 3.2.1 Let � > 0: If we assume that u 2 C(0; 1) \ L1(0; 1); then the fractional
di¤erential equation of the Caputo type
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0+u(t) = 0; 0 < t < 1; (3.2.1)
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Proof. Let � > 0: According to Remark 2.2.5, we have
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Then the fractional di¤erential equation (3.2.1), admits a particular solution, as
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3.2. Fractional di¤erential equation of the Caputo type

where Cm 2 R:
So the general solution of (3.2.1) given as a sum of particular solutions (3.2.2) i.e.
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where Cm 2 R with m = 0; 1; 2; :::; n� 1:
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We put Cm = �u(m)(0)
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2 R for each m = 1; 2; :::; n; we �nd the equality (3.2.3).

Lemma 3.2.3 Let 1 < � � 2 and y 2 C(0; 1):
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u(t) =

Z 1

0

G(t; s)y(s)ds;

such as

G(t; s) =

8<:
(1�t)(1�s)��1+(t�s)��1

�(�)
+ (1�t)(1�s)��2

�(��1) si 0 � s � t � 1
(1�t)(1�s)��1

�(�)
+ (1�t)(1�s)��2

�(��1) si 0 � t � s � 1
: (3.2.5)

Proof. By applying I�0+ to equation (3.2.4) we obtain
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According to Lemma 3.2.2 for 1 < � � 2 (n = [�] + 1 = 2) we have
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so
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The integro-di¤erential equation (3.2.6), equivalent to
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