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Exercise 1:

1. Let © = (z1,22, ..., Tn), Yy = (Y1, Y2, - - s Yn), 2 = (21, 22, . .-y 2n) € R™. Then,

A) @)
di(z,y) =0 <= Z.§1|$i—yz‘| =0,
— o, —y| =0, V1<i<n,
= 1=y, V1<i<n,
= zr=y.
@)
di(z,y) = Xz =yl
= Bl -l
= E |yi_'xl‘>
= dl(ij)
@

dilw,y) = Blwi - v,

n
Elm — 2z + 2 — Yi|,

N

n n
Y w; — zi| + Xz — yil,
i=1 =1

g d1<33',25) + dl(zay>

From (¢p), € and () we conclude that d; is a distance on R".
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B) @
id%wzo'ﬁﬁ}?mﬂh—wDZQ
— |z;—y| =0, V1<i<n,

— x;=vy;, V1<i<n,

— T =Y.
@)
d&%w==jw0% Yil),
= sup (| = (% —=))),
= Slup (|yz_xl|)7
©
= sup (Jvg—2 + 2 — yil),
i=1,....n
< sup (loy — z|) + sup |z — vil,
=1,...n 1=1,..., n

< dOO(x7 Z) + dOO(Zvy)
From (¢p), € and (3 we conclude that dy is a distance on R™.

2. Let f, g, h € Cla,b].

N ®
d,(f. 9) = / () — gDl =0 < |f(t) —g(H)] =0 Vi€ [a,],

a

— [(t) =g(t) Vi€ la,b],

— f=g
@
di(f,g) = / 70— g0l = / = (g(t) — (1)) |dt,
b
= [ 1ot - rie)ae,
ZZQmﬁ



0(f.g) = / () — g(0)ldt,
ab
_ / F(6) — h(t) + h(t) — g(t)]dr,

b b
< /]f(t) — h(t)|dt + / \h(t) — g(t)|dt,
< D) +dihg).
From (), € and (€3) we conclude that d; is a distance on Cla,b].
B) @

doo(f;9) = sup (If(t) —g()]) =0 <= [f(t) =g(t)] =0 Vt € [a,0],

te(a,b]

& () =g(t) Vielab],

— f=g.
@)
dos(f,9) = é%(\f(t) —g@)) = tifﬁ%(’ —(g(t) = f@®) 1),
= sup (lg(t) = f@®)),
t€la,b]
©
doo(f,9) = tzgz;(lf(t)—g(t)l),
= ti%(\f(t) — h(t) + h(t) — g(t)]),
< sup ([f(#) = h(t)]) + sup ([h(t) — g(t)]),

te[a,b] tE[a,b]

< doo(f 1) + doo(h, 9)-

From @€y, € and €3 we conclude that d. is a distance on Cfa, b].

m Let (X,d) be a metric space and f a real increasing function defined on

R, and satisfying:



€ We have X x X iHRJr L>]RJr and for each =,y € X,
di(z,y) = (fod) =0 <= [f(d(z,y)) =0,
> d(z,y) =0,
— r=y.
(€ For each z,y € X we have,
dl(x7y> = (de)(.l’,y) = f(d(.l’,y)),
= [y, z)),
= (fod>(y7x)?
= di(y,x).
(€3 For each z,y, 2z € X we have, di(z,y) = (f od)(x,y) = (f(d(x,y))). Since

d(xz,y) < d(z,z) +d(z,y) and f is an increasing function we obtain:

d1<$,y) = f (d(.ﬁlﬁ,y))

N

fld(z, 2) + d(z,9));

fd(x, 2)) +f(d(z,y)), ( According to (1))
(f od)(w,2) + (f o d(z,y),

< di(zy2) + di(2,y).

N

VAN

From (), € and (€3 we conclude that d; is a distance on X.

d
2. i) For d; = ——, we consider the function f : Ry — R, defined by f(x) =

1+d . Cl4a
Indeed, f is an‘increase function because f’(z) = SESE > 0. Moreover, we have
x
f(0) =0 and,
Tty o Y
+y) = = - :
fl@+y) l+x+y l+z+y 14+x2+y
< Ty
S ol4ax 14y
= fl2)+ f(y),
for cach 2,y € X. Since, (fod)(@,5) = F(d(z,9)) = —2¥ _ (2 y) it follows
1+d(z,y)

is a distance on X.

d
from the first question that dy = T d
ii) For d3 = inf(1,d), we consider the function f : Ry — R, defined by f(z) =
inf(1,x). Indeed, f is an increase function. Moreover, we have f(0) = inf(1,0) =0

and,

flz+y) =inf(Lx+y) <inf(l,z) +inf(l,y) = f(x) + f(y).
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for each z,y € X. Since, (f od)(z,y) = f(d(x,y)) = inf(1,d(z,y)) = ds3(z,y), it

follows from the first question that d3 = inf(1,d) is a distance on X.

Exercise 3:

1if
Loy =q 7Y

Oifx =y

@ Vx,y € X,d(x,y) = 0 <= x =y (by definition).

1if 1if
€ Vr,y € X, d(x,y) = o7y = ty7 e = 0(y, x).

Oifx =y Oify==x

€ Vx,y,z € X

o If §(x,2) = 1 or 6(z,y) = 1, then §(x,y) < d(x,2) + 0(2,y) because
d(z,y) < L

o If §(z,2) = d(2,y) = 0, then x = y = 2z which implies that 0 = 6(z,y) <
0z, 2) +d(z,y) = 0.

From €y, € and €3 we conclude that § is a distance on X.

2. By definition we have B(zo,7) = {z € X : d0(zg, x) < 1}.
o If r > 1, then §(xp,x) <1 < r for each x € X which implies that B(xg,r) = X.

o If r < 1, then §(zg,z) < r < 1. Hence, §(zg,x) = 0, which implies that x = =,
and therefore, B(xo,r) = {zo}.



Exercise 4:

1) = 2) Suppose that there exists a neighborhood N of x containing only finitely

many elements aq,as,...,a, of A. Let
r=inf{d(x,a;):i=1,...,n}.

Then, the set NN B (.CL', g) is a neighborhood of = that does not contain any point of A

other than x. Therefore, = is not an accumulation point of A.

2) = 3) Suppose that every neighborhood N of = contains infinitely many points of
A. Then, (N ~ {z})NA # 0. Thus, NN(A~{x}) # 0, which implies that z € Cl(A~{z}).

3) = 1) Suppose that z € Cl(A~ {z}). Thus, for every neighborhood N of z, we
have N N (A~ {z}) # 0, which implies that (N ~ {z}) N"A # 0. Therefore, x € A’ (the
derived set of A).

:
m It suffices to show this for twoopen sets. Let D; and Dy be two dense open

sets in X. On the one hand, it is clear that D = D; N D, is an open set in X. On the other
hand, since Dy is dense in X for every 2z € X and r > 0, we have A = B(x,r) N Dy # .
Notice that A is a non-empty open set in X, which implies that AN Dy # () because Dy is
dense in X. However, AN.Dy = B(x,r) N (D; N Dy) # 0, which shows that D = D; N Dy

is a dense open set in X.

Exercise Sl 1ot p— (s e X da, 4) = 0).

o CI(A) C {z € X : d(x, A) = 0} = B,

Suppose a ¢ B. Then d(a, A) = r > 0, which implies that the open ball B (a, g) contains
no points of A. In other words, B (a, g) N A = (), and consequently, a ¢ CI(A).

e B={zeX:dx,A) =0} C Cl(A).

Let a ¢ CI(A). Then there exists r > 0 such that B(a,r) N A = (), from which we obtain
d(a,b) > r for all b € A. This shows that d(a, A) = infd(a,b) > r > 0, and therefore
d(a, A) # 0; that is, a ¢ B. =

Finally, we conclude that Cl(A) = {z € X : d(x, A) = 0}.

Exercise 7: '




?
1. e diam(A) < diam(CI(A)).
We have A C CI(A), which implies that

diam(A) < diam(CI(A)). (1)

?
e diam(Cl(A)) < diam(A).

If x,y € CI(A), then there exist two sequences (z,) and (y,) of elements in A such
that x,, — = and y, — y as n — 4o00. Therefore, there exist z’,y’ € A such that,

for any € > 0, we have d(z,2’) < % and d(y,y') < % Hence,
d(z,y) < d(w,2) +d(@',y) +d(yy) < d@y) + 5 +5 = da',y) + =
Thus,

diam(Cl(A4)) = sup d(x,y) < sup d(z',y) +e = diam(A) + ¢,
z,yeCI(A) z' Yy €A

for all € > 0, which implies that
diam(Cl(A)) < diam(A). (2)
From (1) and (2), we conclude that

diam(Cl(A)) = diam(A).

2. o diam(A U B) < diam(A) +diam(B) + d(A, B).
Suppose z,y € AUB, a€ A and b € B, then

d(z,y) < d(z,a)+d(a,b)+d(b,y),
< diam(A) + d(A, B) + diam(B),
which implies that
sup d(z,y) < diam(A) + diam(B) + d(A, B).

r,ye AUB

Hence, diam(A U B) < diam(A) + diam(B) + d(A, B).

: -
m Let O € T;. We want to show that O is also open with respect to

dy. Let x € O. Since O is open for dj, there exists an open ball By, (z,71) such that
r € Bg(x,r1) € O. By hypothesis, there exists an open ball Bg,(z,72) such that

r € By, (x,r2) C By (z,71) € O. Consequently, O = UBg,(z,73). Thus, O is open
z€O0



for dy because it is an union of open balls for dy. Therefore, Ty, C Tg,.

Let By, (f,r) be an open ball such that f € C[a,b] and ¢ = bL Then,
—a

according to the previous exercise, it suffices to show that By _(f,e) C By, (f,7). Let

g € By _(f,¢€), so we have:

r

sup |f(t) —g(t)| <e=
s 1) =g <= =

Thus,

b b b
i(t9) = [0 =gl a< [ s 10 gl ar < [

Therefore, g € By, (f, 7). Consequently, T4, (f, ) C Ta (f, 7).
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