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CHAPTER 2

COMPLETE METRIC SPACES

You are familiar with the notion of a convergent sequence of real numbers. It is defined as

follows: the sequence (z,)nen of real numbers is said to converge to the real number z if given

any € > 0 there exists ng such that for all n > ng, |z, —z| <e.

It is obvious how this definition can be extended from R with the Euclidean metric to any
metric space.
2.1 Convergence in a metric space

2.1.1 Convergence and limits

.4

Definition 2.1. A sequence (zp)nen @n a metric space (X,d) is called convergent to xg € X

if,
(2.1) Ve >0, INo(e) eN /VneN, n > Ny = d(zp,z0) <e.
The point x is called the limit of the sequence (Ty)nen, and we write

lim (zp)=2x9 or z, — xo.
n—--+00

If the sequence does not converge, then it is said to diverge.

k
2.1. The condition (2.1) means that from a certain rank Ny the elements of the

sequence () are in the open ball B(xg,e). Thus, this ball contains an infinite elements of this
sequence.



CHAPTER 2. COMPLETE METRIC SPACES

1
2.1. In the metric space (R,|.|), the sequence () converge to 0 and we write

N/ neN*

Proof
. Let € > 0 be given. By the Archimedean property, there is an integer Ng € N such

1 1 1
that Ng > o and thus for all n > Ny, we have d, < 0> = ‘
n

<e
n

However, this sequence can be made to diverge by changing the metric on R.

!
2.2. In the metric space (R,dy;sc), the sequence () diverges.
neN*

n

1 1
. Using the definition of the discrete distance (77 ) we obtain 0 (,0> =1 because — #0.
n n

1
Hence, if we take € < 1, we obtain 6(—,0) > «.
n

.4

Proposition 2.1. Let (X,d) be a metric space. The sequence (zy,)nen converges to xg € X

if and only if the sequence (d(xy,x0)) converges to 0 in (R,dy).

that d(xy,x0) = |d(zn,z0)| < e for all n > Ny, but this precisely the same as d(xy,xo) — 0 in
(R, Conversely, if d(zy,x0) — 0 in (R,d,), then for every e > 0 there is an Ng € N such

).
that d(zy,xo) = |d(zpn,x0)| <€ for alln > Ny, and this precisely what it means to have x, — xg
in (X,d).

L
2.3. The sequence (xp)nen+ defined by x, = <, ) converges to (0,0) in the three
n’'n

metric spaces (R?,dy), (R? ds) and (R?,dy).

. We have

. Suppose first that x,, — x¢ in (X,d). Then for any € >0, there is an Ny € N such

The result follows immediately from Proposition(2.1).

Section 2.1 Dr. CHOUGUI Nadhir 2



CHAPTER 2. COMPLETE METRIC SPACES

.4

| Proposition 2.2. If a sequence converges then its limit is unique.

Proof
. Suppose that the sequence (ry)nen converges to both x and y. Then, for every e >0
there exists a (sufficiently large) No € N such that

VneN, n> Nyg= d(zp,z) < g and d(xn,y) < g
from which we conclude that for every e >0,

VneN, n> No = d(v,y) <d(v,zn)+d(rn,y) < g—l— =g,

<
2

i.e., d(xz,y) =0, namely x =y.

4

Proposition 2.3. Let F' be a subset of a metric space (X,d) and L is the set of all x € X
such that x is the limit of some sequence of elements of F'. Then, F is closed if and only
if F=L.

— ) Suppose that F is closed.

o LCF ?7) Take x € L, meaning that x is a limit of a sequence (xy)nen of elements of F. If
xv ¢ F, then x € Cx F' (which is an open), implying that there exists r >0 such that B(x,r) CCx F.
Since x, — x, there exists Ny € N such that for all, n > Ny we have d(xy,,x) <r. This means
xy, € B(z,r) C Cx F, which contradicts the fact that x,, € F.

e FC L7 Letx € F, then we can consider x as a limit of the constant sequence x, = x which
implies that x € L.

< ) Suppose that the limit of all convergent sequence of F belongs to F'. Let x € CI(F'). Then

1
B(z,r)NE #0 for all r > 0. Thus, for all n € N*, there exists x,, such that x, € B(x,—)NF.
n
1
Then, (xy) is a sequence of elements of F that satisfies d(xy,x) < — for all n € N*, which
n
implies, T, — x. Therefore, x € F' (by hypotheses), which implies that F is closed.

Using the previous proposition we obtain the following result.

Section 2.1 Dr. CHOUGUI Nadhir 3
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e \

Proposition 2.4. Let (X,d) be a metric space and F be a subset of X, then :

(2.2) OZ(F):{xGX:EI(a:n)CF/ lim xnzx}

n—-+o0o

J

& )

Proposition 2.5 (Sequential continuity). Let (X,dx), (Y,dy) be two metric spaces and
f:(X,dx) — (Y,dy). Then, f is continuous at xq if and only if for every sequence
(Zn)neny C X, we have

X ngniooxn =19 = nirrioof(xn) = f(zo) ( fis sequentially continuous). )

=) Suppose that [ is continuous at xo and let (x,) be a sequence in X that converges to xg.

Since x, — xq,
Ve >0, dng(e) eN / VneN, n>ny = dx(xn,20) <e.
Since f is continuous at xg,
Ve >0, 3d(e,x0) / Ve e X, dx(z,x0) < d = dy(f(z), f(xg)) <e.
Then, it is enough to take ¢ = § to obtain,
V' nzno, dx(zn,z0) <6=¢e= dy(f(zn), f(z0)) <&,

which shows that [ is sequentially continuous.

<) Suppose that f is not continuous at xo. Then, there exists € >0 such that for all § >0,

there exists xg that satisfying,
dx(ws,70) <6 et dy(f(xs), f(z0)) > €.

1
Thus, for 6 = — there exists a sequence () such that:
n

(e 70) < et dy(f (), f(x0)) > <

This shows that (x,) converges to xq, but (f(xy)) does not converge to f(xg). Therefore

f does not sequentially continuous at xg.

Section 2.1 Dr. CHOUGUI Nadhir 4



CHAPTER 2. COMPLETE METRIC SPACES

2.2. In the third chapter (Topological Spaces), we will demonstrate that in the more

general context of topological spaces, continuity always implies sequential continuity; however,

the converse is not true.

2.2 Cauchy sequences and completeness

The

definition of Cauchy sequences in general metric spaces is a straightforward generalization

of their definition in the real line.

@

\U

\

Definition 2.2. Let (X,d) be a metric space. A sequence (xn)nen of elements of X is
called a Cauchy sequence if for every e > 0, there exists ng € N such that d(xy,xy) <&

for all n,m > ng. In other words,

(2.3) Ve >0, Ingle) €N / Y(n,m) e N2, n,m > ng = d(xn,xm) < €. )

Example
24

1.

The sequence (zr),>1, where T, =1+ % +- 4 %, does not satisfy Cauchy’s criterion for

convergence. Indeed, we have

’ | LS SRS TR S SO S
Top —Tp|=——+——+ "+ — — =
T R ) 5 = on " on o 2

Thus, it is not the case that |x, —xym| — 0 as n and m become large.

In (C[0,1],R), the sequence (fn), >, given by
nx
= 1
fn<x) n+x7 S [07 ]7

is Cauchy in the uniform metric. For m > n, the difference between the functions is given

by
max nt  (m—n)z?

fm() = fn(r) = m+z ntz  (mtz)(ntaz)

Since this function is continuous on [0,1], it attains its mazimum at some point xg € [0, 1].
Thus, we have

2 2
(m—n)xf < %0 1

d(fm: fn) = sup |fm(2) = ful2)| = <=0,

z€[0,1] (m+zo)(n+z9) ~ ntzo n

for large m and n.

If (zp) is a Cauchy sequence in the discrete metric space (X,0), then §(xp,xm) < e =

Ty = Ty for any e < 1. Thus, the sequence (xy,) is convergent.

Section 2.2 Dr. CHOUGUI Nadhir 5
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@ )

Proposition 2.6. In a metric space (X,d), we have:
1. Every convergent sequence is a Cauchy sequence.
2. Every Cauchy sequence is bounded.

3. Every subsequence of a Cauchy sequence is also a Cauchy sequence.

U 4. Bvery Cauchy sequence that has a convergent subsequence is convergent. )

1. If xp, — g, then for every € > 0, there exists ng € N such that for all n > ngy, we have

€
d(xn,x0) < 5 Therefore, if n > ng and m = ngy, we obtain

d(xn, xm) < d(zp,20) + d(2m,x0) < %4—% =c.

2. If (zp) is a Cauchy sequence, then for ¢ =1, there exists ng € N such that d(zp,zn,) <1
for alln >ng. Let r = max (d(zpy,21),...,d(Tny, Tng—1),1). Then, for alln € N, we have
d(zp,xn,) <1, which implies that (xy) C B(Zp,,7).

3. Obvious.

4. Suppose xp, — xg. Then, for every e >0, there exists ny € N such that for all ny = nq,

£
we have d(xp,,xo) < 3 Since (xy,) is a Cauchy sequence, there exists ny € N such that

£
for all n,m > na, we have d(xy,,xm,) < 7 Let ng = max(ny,n2) and choose k such that

ng = ng to obtain:
VneN, n>ng= d(z,,z0) < d(n,zn,) +d(Tn,,20) < g+§ =e.

Thus, x, — xq.

4

Definition 2.3. A metric space (X,d) is said to be complete if every Cauchy sequence in

(X,d) converges to a limit that is also in X.

Example
25

1. The space (R,|.|) is complete because every Cauchy sequence is convergent in R.

2. The Cauchy sequence (%) does not converge in (0,1), and therefore (0,1) is not complete.

Section 2.2 Dr. CHOUGUI Nadhir 6
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3. In a discrete metric space, every Cauchy sequence is convergent (see Example 2.4(3)),

and therefore every discrete metric space is complete.

4

Proposition 2.7. Let (X,dx) and (Y,dy) be two metric spaces. If f: (X,dx) — (Y,dy)
is uniformly continuous and (xy) is a Cauchy sequence in (X,dx), then (f(zn)) is a

Cauchy sequence in (Y,dy).

Proot]

xy) is a Cauchy sequence in (X,dx), then we have:

Ve >0, 3 ng(e) €N such that ¥(n,m) € N2, n,m > ng = dx(tn,zm) < €.
Since f is uniformly continuous, for € =40, we obtain :
Y(n,m) e N2, n,m > ng = dy(f(z,), f(zm)) <e.

Therefore (f(xy)) is a Cauchy sequence in Y.

R k
2.3. The previous proposition is false if f is only continuous. For example, consider

1
the function f:((—1,1),|.|) — (R,].|) defined by f(x) = 1—x|x| Let xy, =1— e The sequence

(f(xn)) is not a Cauchy sequence.

.4

Proposition 2.8. Let (X,dx) and (Y,dy) be two metric spaces, and let f: (X, dx) —
(Y,dy) be a uniformly continuous homeomorphism. If (Y,dy) is complete, then (X, dx)

is also complete.

Broot] 1.,

sequence in'Y. Since Y is a complete space, we conclude that (f(xy,)) is convergent. This implies

xy,) be a Cauchy sequence in X. Then, by Proposition (2.7), (f(xy)) is a Cauchy

the convergence of (xy) in X because =1 s continuous.

k
2.4. The converse of the previous proposition is not true.
2.6. Let (X,dx) and (Y,dy) be two metric spaces defined as follows:

e X =1[0,1] is the closed interval in R, with the standard metric dx(x,y) = |z —y|. This space
is complete because every Cauchy sequence in [0,1] converges to a point in [0,1].
e Y =(0,1) is the open interval in R, with the standard metric dy(z,y) = |x—y|. This space is

not complete. For example, the sequence x, = % is a Cauchy sequence in (0,1), but it converges

Section 2.2 Dr. CHOUGUI Nadhir 7



CHAPTER 2. COMPLETE METRIC SPACES

to 0, which is not in (0,1).
Now define a homeomorphism f:[0,1] — (0,1) by:

This function is uniformly continuous and is a homeomorphism because it is continuous, bi-
jective, and its inverse is also continuous. Thus, the converse of the proposition is false: even
though (X,dx) is complete and f is a uniformly continuous homeomorphism, (Y,dy) is not

complete.

Using the previous proposition, we obtain the following result.

4

Proposition 2.9. If (X,dx) and (Y,dy) are two isometric spaces, then (X,dx) is complete

if and only if (Y,dy) is complete.

phisms.

. Fuident, because every isometry and its inverse are uniformly continuous homeomor-

# h
Proposition 2.10. .

1. Every complete subset in a metric space (X,dx) is closed.

\| 2. FEvery closed subset in a complete metric space (X,dx) is complete. )

1. Let A be a complete subset of X, and let x € CI(A). Then there exists a sequence (xy,) of
elements in A such that x,, — x (see Proposition (2.4)). Since (zy,) is a Cauchy sequence
i A, and A is complete, it follows that x € A. This shows that A is closed.

2. Let (X,dx) be a complete metric space, and let (z,,) be a Cauchy sequence in a closed
subset A C X. Then (xy,) is a Cauchy sequence in X, which is complete, so x, — x € X.
Given that A is closed, we deduce that x € A, which shows that A is complete.

Using the previous proposition, we obtain the following result.

Section 2.2 Dr. CHOUGUI Nadhir 8
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.4

Proposition 2.11. Let X be a complete metric space, and let A be a subset of X. Then,
the metric subspace (A,d ) is complete if and only if A is closed in X.

Example
27

1. The intervals (a,b), (a,+00), and (—o0,b) are not complete because they are not closed.

2. The intervals [a,b], [a,+00), and (—oo,b] are complete because they are closed in R.

.4

Proposition 2.12. The product of a finite number of metric spaces is complete if and

only if all its factors are complete.

. Ezercise.

2.3 Contractive mapping theorem

.4

Definition 2.4. Let X be a set and let f: X — X. A point v € X is called a fixed point
of fif f(z) ==.

.4

Theorem 2.1 (Banach fixed point theorem). Let (X,dx) be a complete metric space.
If f: X— X is a contraction (see Definition (??)), then it has a unique fized point x € X.

if we assume that n >m, we obtain:

. Consider a recursive sequence given by Tni1 = f(xy,) with xg € X. For all n,m € N,

n—1 n—1
(1) Aen om) < 3 dlwess,ze) = 3 d(f (1), ' (x0)) -

f=m

On the other hand, using the contraction property, we obtain:

(2) d (' (x1), f(w0)) <hd (£ (21), £ (o)) < Kl (21,20).

Section 2.3 Dr. CHOUGUI Nadhir 9
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Now, keeping in mind that 0 < k <1 and using (1) and (2), we obtain:

n—1 1 — gn—m—1 Em
(3) d(zn,2m) < Y Kd(21,20) = K (@1,20) < T—d (@1,20).
{=m o o
m
Since n%gnooﬁ =0, we conclude from inequality (3) that () is a Cauchy sequence and

therefore convergent to x € X because (X,dx) is complete. Since f is continuous, we obtain:
)= £ (Jiman) = i £ on) = Jipn s =

Thus, x is a fized point of f.

For uniqueness, suppose that x1 and xo are two fized points of f. Then we have:
d(z1,22) = d(f(21), f(22)) < kd(z1,22) = (1 — k)d(z1,22) < 0.

Since 0 < k < 1, we conclude from the last inequality that x1 = xo.

Bomai] ,

1. A function having one or multiple fized points does not imply that it is a contracting

function.

2. The assumption that " f is contracting " cannot generally be replaced by the weaker as-

sumption d(f(z), f(y)) < d(z,y) for all x #vy, as demonstrated by the following example:
[ (R]]) — (R,].]) such that f(x)=1/1+x2.

1
3. The assumption that "X is complete" is fundamental. For example, if X = <0, 4) (which

is not complete) and f: X — X is defined by f(x) = 2%, then f is a contraction on X
that has no fixed point in X.

This theorem can be easily generalized in the following way.

4

Theorem 2.2. Let (X,dx) be a complete metric space and let f: X — X. If there exists

n e N* such that f is a contraction, then f has a unique fized point.

. Since (X,dx) is complete and f(”) is a contraction, f(") has a unique fized point
z0 € X. Since f™ (f(zg)) = f(f(")(x0)> = f(xo), it follows, by the uniqueness of the fized
point of ) that f(xzo) = xo, and thus xo is the unique fized point of f.

Section 2.3 Dr. CHOUGUI Nadhir 10



CHAPTER 2. COMPLETE METRIC SPACES

.4

| Proposition 2.13. If f: R — R with |f'(x)| < k < 1, then f has a unique fized point.

. Using Proposition (?7), we conclude that f is a contraction on R, and since R is
complete, we conclude by Theorem (2.1) that f has a unique fixed point.

2.8. Let f:]0,1] — [0,1] be defined by f(x) = - We have |f'(x)| = 5 < 5 < 1,

and [0,1] is complete because it is a closed subset of R, which is complete. Therefore, using
Theorem (2.1), we conclude that f has a unique fized point.

Section 2.3 Dr. CHOUGUI Nadhir 11
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