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CHAPTER 3

TOPOLOGICAL SPACES

3.1 Topology, Open sets and Closed sets

Let X be a non-empty set and P(X) be the power set of X.

.4

Definition 3.1. A topology on X is a collection of sets T C P(X) that satisfies :

A1) 0 and X are elements of T,

A2) any union (finite or infinite) of elements of T is an element of T, that is, for any

collection {O; € T : i€ 1} we have JO; €T,
el

As) any finite intersection of elements of T is an element of T, that is, for any collection

{0; € T: 1<i<n} we have ﬁOiET.
=1

The pair (X,T) is called a topological space, and the elements of T are called open sets

of the topology.

3.1. Let X={1,2}. The topologies defined on X are:

i = {0,X}.
To = {0,X,{1}}.
T3 = {0,X,{2}}.

3.2. Let X={w,y,z,t,s,w} and T ={X,0,{z},{z,t},{z,2,t},{y, 2, t,s,w}}. Then

T is a topology on X as it satisfies conditions (A1), (Az2) and (As) of Definition(3.1).

1



CHAPTER 3. TOPOLOGICAL SPACES

3.3. Let X ={x,y,2,t,s} and T ={X,0,{x},{2,t},{x,2,s},{y,2,t}}. Then T is

not a topology on X as the union {z,t}U{x,z,s} = {x,2,t,s} of two members of T does not
belong to T ; that is, T does not satisfy condition (Az2) of Definition(3.1).

3.4. Let N the set of all natural numbers and let T the collection consisting of

N, 0 and all finite subsets of N. Then T is not a topology on N, since the infinite union
{3fu{4}u{btu---u{ntu---={3,4,5,...,{n},...} of members of T does not belong to T;
that is, T does not have property (Ag2) of Definition(3.1).

.4

Definition 3.2. Let X be any non-empty set and T the collection of all sets of X (the
power set of X). Then T is called the discrete topology on the set X and is denoted by
Tpise- The topological space (X, Tpisc) is called a discrete space.

.4

Definition 3.3. Let X be any non-empty set and T ={X,0}. Then T is called the indis-
crete topology or trivial topology and is denoted by Trq. The topological space (X, Trq) is

called an indiscrete space.

3.1. FEvery set indeed admits at least two topologies.

Tl

Definition 3.4. Let (X,T) be a topological space. A subset F' of X is said to be a closed
set in (X, T) if its complement, namely CxF or X\ F, is open in (X,T). We denote by
F the set of all closed subsets in (X,T).

Example
3.5. In Example (3.1), if we consider the topology Tz, then the set {2} is closed.

Example

3.6. In Example(3.2), the closed sets are

‘F = {®7X7 {y7z7t787w} ) {x7y787w} ) {y7s7w} Y {x}} °

Example

3.7. Let X=(R,|-|). Then N and Z are closed.

Section 3.1 Dr. CHOUGUI Nadhir 2



CHAPTER 3. TOPOLOGICAL SPACES

\

W)

Proposition 3.1. Let (X,7) be a topological space. Then, the collection F of closed sets

in X satisfies the following properties:
P1) X and 0 are closed sets,

Py) any finite union of closed sets is closed,

\ P3) any arbitrary intersection of closed sets is closed. )

in a topology. Indeed:

. These properties of closed sets directly follow from the properties verified by open sets

o We have seen that X and 0 are open, and since bx0) = X and CxX =0, we conclude that
X and O are closed. Thus, (P1) is verified.

o Let {F;:i=1,2,...,n} be a finite family of closed sets in X. Then, for alli=1,2,... n,

n n
their complements Cx F; are open sets. But Cx ( U FZ> = N CxF; is an open set (because
=1 =1

n
it is a finite intersection of open sets). Hence \J F; is a closed set. Thus, (P) is verified.
i=1

o Let {F;:i €1} be any family of closed sets of X. Then, for all i € I, their complements

CxF; are open sets. But Cx | N FZ> = UCxFE; is an open set (because it is an union of
el el

any open sets). Hence, (N F; is a closed set. Thus, (Ps) is verified.
el

3.2. A topology can be defined either by the collection of its open sets or by the

collection of its closed sets.

k
3.3. A subset of a topological space can be both open and closed. Moreover, a subset

of a topological space can be neither open nor closed.

3.8. If we consider Example(3.2), we see that

1. the set {x} is both open and closed;

2. the set {y,z} is neither open nor closed.

.4

Definition 3.5. A subset A of a topological space (X,7T) is said to be clopen if it is both
open and closed set in (X,T).

Section 3.1 Dr. CHOUGUI Nadhir 3



CHAPTER 3. TOPOLOGICAL SPACES

Example
3.9

1. In a discrete space all subsets in (X, Tp;s) are clopen.
2. In a indiscrete space the only clopen subsets in (X, Trnq) are X and ().

3. In every topological space (X,T) both X and () are clopen.

e N
Definition 3.6. Let X be a non-empty set, and

Toor = {0 CX:CxO is finite} U{0}.

| Then, (X,Tcor) is a topology, and is called the cofinite topology on X. )

Once again is necessary to check that 7¢, in the previous definition is indeed a topology; that

is, that it satisfies each of the conditions of Definition(3.1).

3.2 Neighborhoods
4

Definition 3.7. Let (X,T) be a topological space. A subset N, of X is called a neighbor-
hood of x in X if there exists an open set O, of X such that x € O, C N,. The collection
of neighborhoods of x is denoted by N(x) and is called the neighborhood system at x.

Figure 3.1: Neighborhood N,

Section 3.2 Dr. CHOUGUI Nadhir 4



CHAPTER 3. TOPOLOGICAL SPACES

The previous definition can be written in the following form:

(3.1) (N is a neighborhood of x) < (3 0, € T / x € Oy C Ny).

@ )

Definition 3.8. Let (X,7T) be a topological space. We say that a subset N of X is a
netghborhood of a non-empty subset A of X if there exists an open set O in T such that
ACOCN. In other words:

\ (3.2) (N is a neighborhood of A) < (30 € T such that AC O C N). y

Example
3.10.

1. Let (X, Timg). Then, for all x € X we have N (z) = {X}.
2. Let (X, Tpise) and x € X. Then, every subset of X that contains x is an element of N'(z).

3. Let (X,7)=(R,|.|) and x € R. Then, every subset of R that contains an interval centered

at x is a neighborhood of x.
4. Let X=1{1,2,3,4} and T ={0,X,{1},{4},{1,4}}. Then we have:

o N(1)={{1}.{1.2},{1,3},{1,4}.{1,2,3},{1,2,4},{1,3,4},X};
o N(2)={X};
o N({1.4}) = {{1.,4},{1,2,4},{1,3,4},X}.

3.4. It follows from the previous definition that if B C A, then every neighborhood
of A is a neighborhood of B.

.4

Proposition 3.2. Let (X,T) be a topological space and A a subset of X. Then, we have

(3.3) (N is a neighborhood of A) <= (Vx € A: N € N(x)).

Section 3.2 Dr. CHOUGUI Nadhir 5



CHAPTER 3. TOPOLOGICAL SPACES

=) Obvious.

<) Suppose that N is a neighborhood of every point in A. Then, we have
(3.4) Vee A, 30, €T J x €0, CN,

from which we conclude that AC |J O, C N, and since U Oy € T, it follows that N is

x€A x€A
a neighborhood of A.

.4

Proposition 3.3. Let (X,7) be a topological space. A non-empty set A is an open set in
X if and only if A is a neighborhood of each of its points.

—) Suppose A is an open set in X. Then, using Definition (3.7), we conclude that A is a
neighborhood of each of its points.

<) Suppose A is a neighborhood of each of its points. Then, for every x € A, there exists

Oy €T such that x € Oy C A, hence A= | O. Therefore, A is open as a union of open
r€A
sets.

@ )
Proposition 3.4. Let (X,T) be a topological space. The neighborhoods of a point satisfy
the following properties:

1. For every N € N(x), we have x € N.

2. For every N € N(z) and every U CX, if N C U then U € N(z).

3. Any finite intersection of neighborhoods of x is a neighborhood of x.

4. For every N € N(x), there exists W € N (x) such that for every a € W, we have

U N e N(a). )

Section 3.2 Dr. CHOUGUI Nadhir 6



CHAPTER 3. TOPOLOGICAL SPACES

o The two properties 1 and 2 are evident.

o For the third property, if {N;:i=1,...,n} is a family of neighborhoods of x € X, then for
all i =1,...,n, there exists O; € T such that x € O; C N;, from which we conclude that
n n n n
re NO; C NN;. We deduce that N\ N; € N () because N O; € T.
=1 1 i=1 i=1

1= 1=

o For the fourth property, if N € N'(x), then there exists O € T such that z € O C N. This
implies that N is a neighborhood of every point a € O. Then, it suffices to take W = O
to verify that property (4) is holds.

3.3 Comparison of topologies

@ )

Definition 3.9. Let 71 and T3 be two topologies on a set X. We say that 71 is finer than
T (or that Tz is coarser than Ti) if To € T1. In other words, Ty is finer than Ty if one of
the following three statements holds:

1. Every open set in (X,T3) is also an open set in (X, 7T1).
2. FEvery closed set in (X,T2) is also a closed set in (X,T1).

3. If x € X, then every neighborhood of x in (X,T2) is also a neighborhood of = in

\ (X, T1). )

3.5. If T is finer than T2 and Ta is finer than Ty, we say that Ti and Ty are

equivalent.

3.11. For any topological space (X,T), the indiscrete topology on X is coarser than

T which in turn is coarser than the discrete topology on X.

| |
3.12. The Sierpinski space S consists of two points {0,1} with the topology

{0,{1},{0,1}}. The topology of Sierpinski space is finer than the indiscrete topology Trng =
{0,{0,1}} on {0,1} but coarser than the discrete topology Tpise = {0,{0},{1},{0,1}} on {0,1}.

3.13. If X = {z,y,z}, then T1 = {0,{z}, X}, T2 = {0,{z,y}, X}, and T3 =

{0,{z},{x,y},X} are three distinct topologies on X. The topologies Ti and Ts are coarser

than T3; however, Ti and T are not comparable.

Section 3.3 Dr. CHOUGUI Nadhir 7



CHAPTER 3. TOPOLOGICAL SPACES

.4

Proposition 3.5. Let {7;:i € I} be a collection of topologies on X. Then, NT; is a
el
topology on X that is the coarsest of each of the topologies T;.

. Obvious.

.4

Proposition 3.6. Let 3 be a family of subsets of X. There exists a smallest topology that
contains . This topology is called the topology generated by .

topology. Therefore, it is enough to take the intersection of these topologies.

. The set of topologies that contain (5 is not empty because it contains the discrete

3.4 Base and Neighborhood base

.4

Definition 3.10. Let (X,T) be a topological space. A basis for the topology T is a family

B C T such that every set in T is a union of sets from ‘B.

Example
514

1. Let the topological space (R,|.|) and x € R. The collection:

B = {|z,y[ z,y e R},

is a basis for the usual topology.

2. In the topological space (X, Tpisc), the collection:
B ={{z} :zeX},

is a basis for the discrete topology.

3. Let X={x,y,z} and T ={0,{z},{y},{z,y},X}. The collection:

B = {{z},{y}, X},

is a basis for this topology.

Section 3.4 Dr. CHOUGUI Nadhir 8



CHAPTER 3. TOPOLOGICAL SPACES

4. If (X,T) is a topological space, then T is a basis for itself.
5. In the topological space (X, Tq), the collection:
B = {X},

s a basis for the indiscrete topology.

3.6. If B is a basis for a topological space (X,T) and B’ is a family that contains

B, then by using the previous definition, we conclude that B’ is another basis for T. Therefore,

a topological space can have multiple bases.

7 )
Proposition 3.7. Any basis B of a topology T on X has the following two properties:

1. For every x € X, there exists B € B such that x € B.

U 2. If B1,B2 €5 and x € B1N By, then there exists By € B such that x € B3 C By ﬂBy

1. Since X is an open set, we have X = UB (see definition (3.10)), from which it follows
that for every x € X, there exists B € ’B such that x € B.

. Suppose that B is a basis of the topology T.

2. If B1,By € B, then By,Bs € T (since B C T ), which implies that By N\ Ba € T. Thus,
B1N By = UB (see definition (3.10)). Therefore, for every x € By N Ba, there exists

Bs B such thathBgCBlﬂBg

.4

Proposition 3.8. If B is a family of subsets of a set X that satisfies the two properties
of Proposition (3.7), then T ={UB: B € B} is a topology on X.

Now, using the two previous propositions, we obtain the following result:

4

. We leave it as an exercise.

Proposition 3.9. Let (X,7T) be a topological space. Then, a family of subsets B of X is

a basis for T if and only if B satisfies the two properties of Proposition (3.7).

Section 3.4 Dr. CHOUGUI Nadhir 9



CHAPTER 3. TOPOLOGICAL SPACES

.4

Proposition 3.10. Let (X,T) be a topological space and B a subset of T. Then, B is a
basis for T if and only if for every O € T and for every x € O, there exists U, € B such
that: x € U, C O.

<) It is clear that O = U U, hence B is a basis for T.
x€0

=) If B is a basis for T, then every subset O of T is a union of elements of B, which means
that for each element x € O, there exists Uy € B such that x € U, C O.

.4

Proposition 3.11. Let By be a basis of a topology T and Bo a family of subsets of T .
If every element of B is a union of elements of Bo, then Bo is a basis for T.

. Let O € T. Then, there exists {O; :i € I and O; € B1} such that O = | O; (because
el
B is a base for T ) and since every element of By is a union of elements of Ba, there exists

{Uij:j€J and U;; € Ba} such that O; = U U; j for alli € I. Thus, we obtain O = UU;; .
JjeJ (i,5)eIxJ
Therefore, B2 is a base for T .

.4

Definition 3.11. A collection S(x) C N (z) is called a neighborhood base at x if for every
neighborhood Ny, there is a neighborhood W, € S(x) such that Wy C N,. We refer to the

sets in S(x) as basic neighborhoods of x.

Example
3.15.

1. Let (X,T) be a topological space. Then, we have:

S(x)={0eT:ze0}

s a neighbourhoods base of x.

2. In the topological space (X, Tpisc), we have:

S(r) = {{z}}

is a neighborhoods base of x.

Section 3.4 Dr. CHOUGUI Nadhir 10
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3. Let the topological space (R,|.|) and x € R. Then, we have:

S(z)={(xr—e,x+¢) :e>0}

is a neighborhoods base of x. For example:

S(a:)—{(x—rll,x—i-i) :nGN*}

s a countable neighborhoods base of x.

3.5 Interior points, Adherent points, Accumulation points,

Isolated points, Boundary points, Exterior points

and Dense sets.

3.5.1 Interior points

g )

Definition 3.12. Let A be a subset of a topological space (X,T). We say that x is an
interior point of A if A is a neighborhood of x, in other words,

(3.5) x is an interior point of A<= A € N (x).

The set of all interior points of A is called the interior or the interior set of A and is
\ denoted by Int(A). )

Example
3.16.

1. Consider the topological space (X, Tq) and let A CX. Then, we have the following two
cases:

o X = A= Int(A)=X.
o X# A= Int(A)=10.
2. Consider the topological space (X, Tpisc) and let ACX. Then, Int(A) = A.
3. For the topological space (R,|.|), we have:
e VzeR, Int{z}=0.

o Vz,y €R, Int([z,y]) = Int([z,y)) = Int((z,y]) = Int((z,y)) = (z,y).
o Int(N) = Int(Z) = In(Q) = Int(CrQ) = 0.

Section 3.5 Dr. CHOUGUI Nadhir 11
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4o X ={2,y,2,t} and T = {X,0,{z}, {y}, {z.y}}, then we have:

o Int{z} = Int{t} =0.
o Int{x,z,t} ={x}.

.4

| Proposition 3.12. Int(A) is the largest open set contained in A.

. We will show that Int(A) is the union of all open subsets of A.
For every x € Int(A), we have A € N(x) (see definition (3.12)). Using definition (3.1), we
conclude that: for every x € Int(A), there exists Oy € T such that x € O, C A, which leads to:

(i) Int(A)c |J O,c | O..
z€Int(A) €A

Conversely, if € |J Oy then x € O, C A, which implies A € N(z), so x € Int(A). This means
z€A
that:

(i) U Oz C Int(A).

T€EA

From (i) and (ii) we conclude that:

Int(A)= | O,.

T€EA

Finally, Int(A) is the largest open set contained in A because it is the union of all open subsets

of A.
k
3.7. The previous proposition allows us to write the following result:

(3.6) A is open in X <= A = Int(A).

@ )

Proposition 3.13. Let (X,7T) be a topological space and A, B two subsets of X. Then,

we have:
1. If AC B and A is open, then A C Int(B).
2. If AC B, then Int(A) C Int(B).

3. Int(A) = Int(Int(A)).

4. Int(ANB) = Int(A)NInt(B).

Section 3.5 Dr. CHOUGUI Nadhir 12
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5. Int(A)UInt(B) C Int(AUB).

‘ 6. A€ N(B) <= B C Int(A).

. (Ezercise).
3.8. We have Int < N A¢> C N Int(4;) if I is infinite.

il il

3.5.2 Adherent points
@ )

Definition 3.13. Let (X,T) be a topological space, A C X, and x € X. We say that x is
an adherent point to A if and only if every N € N'(z) contains at least one point of A. In

other words:

(3.7) x is an adherent point of A<=V N € N(x), NNA#0.

\| The set of all adherent points to A is called the closure of A, and it is denoted by CZ(A))

3.9. It follows from this definition that A C Cl(A).
Example
517

1. If A is a subset of X with the indiscrete topology Tina, then Cl(A) =X.

2. If A is a subset of X with the discrete topology Tpisc, then Cl(A) = A.
3. Consider the topological space (R,|.|), then:
o VzeR, Cl({x})={z}.
o Vz,y €R, Cl([z,y]) = Cl([z,y)) = Cl((z,y]) = Cl((z,y)) = [z,y].
e CI(Q)=0CIlrQ)=R, CIN)=N, Cl(z)="Z.
4. If X={x,y,2,t} and T ={X,0,{z},{y},{x,y}}, then for example:
o Cl({z}) ={=,2,t}, Cl({y}) ={y. 2 t}.
o Cl({z}) ={zt}, Cl({t})={z1}.

.4

| Proposition 3.14. CI(A) is the smallest closed set that contains A.

Section 3.5 Dr. CHOUGUI Nadhir 13
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. We will show that CI(A) is the intersection of all closed sets that contain A. Let
F = N F;, where F; is a closed set that contains A for alli € I.
el

?
. (F C Cl(A)) Let ¢ Cl(A). Then there exists an open set O € N () such that ONA=1),

which implies A C CxO. Therefore, CxO is a closed set that contains A and x ¢ CxO which
leads to x ¢ F. Thus, we have:

(i) F CCI(A).
?
. (CZ(A) C F) Now, let v ¢ F. Then x € CxF (which is open), but Cx FNA =0, leading
to x ¢ Cl(A). Thus, we have:

(i4) Cl(A)C F.

From (i) and (ii), we conclude that Cl(A) = F. Therefore, Cl(A) is the smallest closed set that
contains A.

k
3.10. The previous proposition allows us to write the following result:

(3.8) A is closed in X <= A= CI(A).

g )

Proposition 3.15. Let A and B be two subsets of the topological space (X,T). Then, we
have:

1. AC B= CI(A) C CI(B).
2. CI(AUB) = CI(A)UCI(B).
3. Cl(ANB) C CA)NCI(B).
4. CxCl(A) = Int(Cx A).

5. Cl(CxA) = CxInt(A).

6 cucua) =cia). )

. (Ezercise).
3.18. If A=(1,2) and B =(2,3), then CI(ANB) =(. However, CI(A)NCI(B) =

[1,2]N[2,3] ={2}. This example shows that, in general, the inclusion in (3) is not an equality.

Section 3.5 Dr. CHOUGUI Nadhir 14



CHAPTER 3. TOPOLOGICAL SPACES

3.5.3 Accumulation points
g; )

Definition 3.14. Let (X,T) be a topological space, A C X, and x € X. We say that z is

an accumulation point of A if and only if every N € N'(z) contains at least one point of

A other than x. In other words:

(3.9) x is an accumulation point of A<=V N € N(z), (N~ {z})NA#0.

U The set of all accumulation points of A is called the derived set of A and is denoted byA/)

It follows from this definition that any point adherent to A but not belonging to A is an

accumulation point. Therefore, we have the following result:

(3.10) A'UA = Cl(A).

Example
3.19.

1. Let X={z,y,z,t,s}, T =10,X,{z,y},{z,t,s}}, and A={x,y,z}. Then, we have A’ =
{z,y,t,s}.

2. If A is a subset of a topological space (X, Tpysc), then A" = ().

3. In (R,|-|), we have N' =7 = ).

4

Proposition 3.16. A subset A of a topological space (X,T) is closed if and only if it

contains all of its accumulation points.

. Evident (from relation (3.10)).
3.5.4 Isolated Points
@; )

Definition 3.15. Let (X,7T) be a topological space and A C X. We say that a point x € A
is an isolated point if and only if there exists N € N'(x) such that N contains no other

points of A except x. That is:

x is an isolated point in A<= IN e N'(z), NNA={z}.

\ The set of all isolated points of A is denoted by Is(A). Y

Section 3.5 Dr. CHOUGUI Nadhir 15



CHAPTER 3. TOPOLOGICAL SPACES

Example
3.20.

1. In the topological space (R,|-|), we have [s(N) =N and Is(Z) =Z.
2. Every point in a topological space (X, Tpisc) 1S isolated.

3. Let X={x,y,2,t,s}, T={0,X{z},{y},{z,y}}, and A={y,z,t}. Then, I1s(A)={y}.

3.5.5 Boundary points
@ )

Definition 3.16. Let (X,T) be a topological space, A C X, and x € X. We say that z is
a boundary point of A if it adheres to both A and CxA. In other words:

x s a boundary point of A <=z € C1(A)NCI(CxA).

U The set of all boundary points of A is called the boundary of A and is denoted by 3(14))

8.11. Using property (5) of Proposition (3.15), we obtain:

d(A) =Cl(A)NCI(CxA)
(3.11) = Cl(A)NCxInt(A)
= CI(A) — Int(A).

@ )
Proposition 3.17. Let A be a subset of a topological space (X,T). Then,
1. 0(A) is a closed set.
2. A is both open and closed <= O(A) = .

3. A is open <= 9(A)NA=0.

\ 4. A s closed <= 0(A) C A. )

. (Ezercise).
E 1
321

1. If A is a subset of a topological space (X, Tpisc), then O(A) = 0.

2. In the space (R,]|-|):
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o If A= (a,b), then O(A) = Cl(A) — Int(A) = [a,b] — (a,b) = {a,b}.
o IfA=1Z, then 0(A)=CIl(A)—Int(A)=Z—-0="Z.

3.5.6 Exterior points
g )

Definition 3.17. Let (X,T) be a topological space, A C X, and x € X. We say that x is

an exterior point of A if it belongs to the interior of CxA. In other words:

x is an exterior point of A <= x € Int(CxA).

U The set of all exterior points of A is called the exterior of A, and it is denoted by Ext(A))

3.12. Using property (4) from Proposition (3.15), we obtain the following result:

Ext(A) = Int(CxA) = CxCI(A).

@ )
Proposition 3.18. Let A and B be two subsets of a topological space (X,T). Then,
1. Ext(A) is an open set.
2. Ext(A) C CxA.
3. Ext(A) = Ext(CxExt(4)).

4. Ext(AUB) = Ext(A)NExt(B).

| 5 Cl(4) =X Bat(4) =0, D

. (Ezercise).

3.5.7 Dense sets
Q )

Definition 3.18. Let (X,T) be a topological space, and let A and B be two subsets of X.
We say that A is dense in B if and only if every point of B is an adherent point of A, in
other words:

(3.12) A is dense in B <= B C Cl(A),
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k and we say that A is dense in X if and only if C1(A) =X or Int(CxA) = 0. J

Example
3.2

1. If X is equipped with the indiscrete topology, then every non-empty subset of X is dense
in X.

2. If X is equipped with the discrete topology, and A and B are subsets of X such that B C A,

then A is dense in B. Moreover, no subset A # X is dense in X.

3. In (R,|-|), let A=1la,b) and B = (a,b). It is clear that A is dense in B because B C
Cl(A) = [a,b].

4. We have seen that Q is dense in R since Cl(Q) =R.

5. Let X={z,y,z,t} and T ={0,X,{z},{z,y}}. Define A={t} and B={x,z}; we find that
B is dense in A because A C Cl(B) =X, but A is not dense in B since B¢ Cl(A) ={z,t}.

. 4

Proposition 3.19. Let (X,T) be a topological space, and consider three subsets A, B,
and C of X. If A is dense in B and B is dense in C; then, A is dense in C.

. On the one hand, since A is dense in B, we have B C Cl(A)), which implies that

(i) CI(B) C Cl(A).

On the other hand, since B is dense in C', we have
(ii) C CClB).
From (i) and (i1), we conclude that C' C CI(A), so A is dense in C.

k
3.13. The previous proposition shows that density is a transitive property.

The following property is a very practical characterization of dense subsets.

.4

Proposition 3.20. Let (X,7) be a metric space, and let A CX. Then, A is dense in X

if and only if every non-empty open set in X contains at least one element of A.

Section 3.5 Dr. CHOUGUI Nadhir 18



CHAPTER 3. TOPOLOGICAL SPACES

=) Suppose that A is a dense subset of X and O is a non-empty open set in X. Since
Cl(A) =X, it follows that O C CI(A). Thus, ANO # 0 because O is a neighborhood of

each of its points.

<) Assume that ANO %0 for every open set O in X. This implies that for any neighborhood

N of any point x € X, we also have NN A # (), since N contains a non-empty open set.
Therefore, x € Cl(A), and consequently, Cl1(A) =X.

3.6 Separated Spaces (Hausdorff Spaces))
.4

Definition 3.19. A topological space (X,T) is said to be separated or Hausdorff if and

only if, for any two distinct points x and y in X, there exist neighborhoods N € N (z) and
W e N(y) such that NNW = 0.

Example
3.2

1. The space (X, Tpisc) s separated.

2. If card(X) > 2, the space (X, Tnq) is not separated.
3. The metric space (R,|.|) is Hausdorff.

4. The space (X, Tcor) is not separated.

4

Proposition 3.21. Let (X,T) be a topological space. Then, X is separated if and only if

for every x € X, we have {x} = (N N, where N, is a closed neighborhood of x.
NwGN(.T)

=) Let X be a separated topological space and x € X. We want to show that

(i) {IL‘}: ﬂ Ny,

NmGN(ZE)

where Ny is a closed neighborhood of x. Suppose there exists y € (VN such that y # x.
NzeN(z)
Then, there exist two open neighborhoods U and W of x and y, respectively, such that

UNW =0. This means that CxW is a closed neighborhood of x (since it contains U ),
which contradicts the fact that y belongs to all closed neighborhoods of x.
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<) Conwversely, let x,y € X such that x #y. From the equality (i), it follows that there exists
a closed neighborhood N, of x that does not contain y. Therefore, there exists an open
set O such that x € O C Cl(O) C Ny, which implies that y ¢ CI(O). Finally, we conclude
that O and CxCl(O) are two disjoint open sets containing x and y, respectively, which

shows that X is a separated space.

Using the previous proposition, we obtain the following result:

4

Proposition 3.22. FEvery singleton in a separated space is closed, and in general, every

finite set in a separated space is closed.

4

Proposition 3.23. Let (X,T) be a separated topological space and x € X. Then, z is an
accumulation point of a subset A of X if and only if every neighborhood N, of x contains

infinitely many elements of A.

<) Obvious.

=) Suppose there exists a neighborhood N, € N (x) that contains a finite number of elements
{z1,29,...,2n} of A. Then, W = Ny \{z1,x2,...,2,} is a neighborhood of x and (W '\

{z})NA=0. Therefore, x is not an accumulation point of A.

k
3.14. [t follows from the previous proposition that any finite subset of a separated

topological space has no accumulation points.

3.7 Induced topology, Product topology

3.7.1 Induced topology
@ )

Definition 3.20. Let (X,T) a topological space and A a subset of X. Then,

(3.13) Ta={04=AN0:0€T},

is a topology in A. The open sets in A are the intersections of open sets in X with A.

This topology is called the induced topology or relative topology of A in X, and (A,T) is
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M called a topological subspace of (X,T). J

Exercise. Show that Ty is a topology on A.

3.24. Consider the following topology

T ={X.0,{z} {2t} {z, 2.t} {y, 2, t,s}}

on X = {x,y,z,t,e} and the subset A ={x,t,s} of X. Then we have: XNA=A, (NA=
0, {x}nA={z}, {zt}nA={t}, {z,z,t}NA={xt}, and {y,z,t,s}NA={t,s}. Thus,
the topology induced by T on A is

Ta= {A,@,{x},{t},{x,t},{t,s}}.

3.25. Consider the usual topology on R and the induced topology Ta on the closed

interval A =[4,9]. Note that the half-open interval [4,6] is an open set in the topology Ta
because [4,6[=]3,6[NA, where |3,6] is an open set in R. Thus, we see that a set can be open

relative to a subspace but neither open nor closed in the entire space.

3.26. Consider the usual topology on R and the induced topology T4 on A =N.

Then, for any n € N, we have NN (n—1,n+1) ={n} € Ta. We conclude that (N, Ty = P(N))

s a discrete space.

.4

Proposition 3.24. Let (A, T4) be a subspace of a topological space (X,T), and let F' be
a subset of A. Then, F' is closed in A with respect to the induced topology Ta if and only
if there exists F € F (where F is the set of closed sets in X) such that F' = ANF.

. We have that F' is closed in A if and only if C4F" is open in A, i.e., if and only if
there exists O € T such that CAF' = ANO. Therefore, F' is closed in A if and only if there
exists O € T such that

F'=C4(C4F")=C4(ANn0) = AN (Cx0),

i.e., if and only if there exists F =CxO € F such that F' = ANF.

We can easily show the following result.
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.4

Proposition 3.25. Let (A,T4) be a subspace of a topological space (X,T), and let B be
a subset of A. If B is open (resp. closed) in X, then B is open (resp. closed) in A.

. It suffices to see that B= BN A.

3.15. The two examples (3.25) and (3.26) show that the converse of the previous

result is not necessarily true.

.4

Proposition 3.26. Let (A,T4) be a subspace of a topological space (X,T). Then every
open (resp. closed) set in A is an open (resp. closed) set in X if and only if A is an open

(resp. closed) set in X.

=) Suppose that every open set in A is an open set in X, then A is an open set in X.

<) Suppose that A is an open set in X and let Oy be an open set in A. Then there exists
O €T such that Oy = ANO, which is an open set in X since A €T .

By similar arguments, this result can be shown for closed sets.

7 )
Proposition 3.27. 1. If v € A, then N’ is a neighborhood of x in A if and only if
there exists N € N'(x) such that N'=NnNA.

2. If S(x) is a neighborhood base of x in X, then {NNA: N € S(x)} is neighborhood
base of x in A for the induced topology Ta.

3. If B is a subset of A, then we have:

a) Cl(B)y=ANCI(B) (where Cl(B)4 and Cl(B) are the closures of B for Ty
and T, respectively).

b) Cl(B)y =CIl(B) <= A is closed in X.

c) ANInt(B) C Int(B)4

\ 4. If B is a base for (X, T), then By ={BNA:[5B} is a base for (A, Tx). Y
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1. If N’ is a neighborhood of x in A, then there exists an open set ANO € Ty (i.e., there
exists O € T ) such that x € ANO C N'. Thus, if we define N =0UN’, we obtain
x €O CN, so N is a neighborhood of x in X, and we have:

NNA=(OUN)YNA=(ONA)UN'NA)=(ONA)UN' =N".

Conversely, if N € N(x), then there exists O € T such that z € O C N. Thus, x € ANO C
ANN, and therefore N' = ANN is a neighborhood of x in A because ANO is open in A.

2. Let N' = NNA be a neighborhood of x in A for the induced topology Ta, with N being
a neighborhood of x in X. If S(x) is a neighborhood base of x in X, then there exists
W e S(z) such that W C N, so WNAC N'. This leads to the conclusion that {NNA:
N € S(z)} is neighborhood base of x in A.

3. a) Ifx € Cl(B)a, then for every N € N'(x) (for the topology T ), we have (NNA)NB #
0, and therefore x € A and x € CI(B), from which we obtain

(i) z e ANCI(B).

On the other hand, if v € ANCI(B), then every neighborhood N NA of x in A

intersects B because N intersects B and B C A, from which we obtain
(ii) r € CIl(B)a.

Finally, from (i) and (it), we conclude that Cl(B) s = ANCI(B).

b) Suppose that for every subset B of A, we have Cl(B)g = CIl(B), then A= CIl(A) 4 =
CIl(A) because A is closed in A, hence A is closed in X.
Conversely, if A is closed in X, then Cl(B) C Cl(A) = A, and thus Cl(B)4 = AN
CU(B) = CI(B).

c) We have AN Int(B) is an open set in A contained in B, so ANInt(B) C Int(B) 4.

4. Let U be an open set of A, then there exists O € T such that U= ANO, but O = U B,

el
where B; € B for all i € I, from which we obtain

U=AnN (U ﬁi) =UJAng),

el el

which completes the proof.

Section 3.7 Dr. CHOUGUI Nadhir 23



CHAPTER 3. TOPOLOGICAL SPACES

.4

Definition 3.21. A topological property is hereditary if whenever a topological space pos-

sesses this property, it also holds for each of its sub-spaces.

.4

| Proposition 3.28. Fvery subspace of a separated space is separated.

. Let (A, Ta) be a topological subspace of a separated topological space (X,T), and
let x,y € A such that x #y. Since X is separated, there exist neighborhoods N € N (x) and
W e N (y) such that NONW =0, hence (ANN)N(ANW)=0. Therefore, (ANN) and (ANW)

are disjoint neighborhoods of x and y, respectively, within A, which shows that A is separated.

The following result shows the transitivity of the induced topology.

& )

Proposition 3.29. Let (X,T) be a topological space and B C A C X two subsets of X.
We denote by T} the topology induced on B by Ty. Then, we have

\ T =Tg. Y.

. If U € Tg, then there exists O € T such that U = BNO, and since ANO € T4, we
obtain U =BNO=BN(ANO) € Tg.

Conversely, if U € T, then there exists O4 € Ta such that U= BNO04, and since O4 € Tg,
there exists O € T such that O4 = ANO. Thus, U=BN(ANO)=BNO, and therefore U € Tp.

3.7.2 Product topology
@ )

Definition 3.22. Let {(X;,7;):i=1,...,n} be a collection of topological spaces. The box
n

topology or product topology on the product X = 'Hlxi is the topology with basis
1=

—{110; : O;eT; <i<nl.
\ B {ZEIOZ O; €T; for each 1 <1 n}
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So we can always make the product of topological space into a topological space using the box

topology.

Proof

1. We have X=X xXox---xX, €T and D x O x---x (0 €T because they are elements of
—_—

n times

B.

2. If {O; :i € I} is a family of open subsets of X, then we have:

UOFU(U(os,jxozjx---xom)= U (0l x Ok x-x0y) €T,

el el \jeJ (i,J)eIxJ
because Oil,j XOﬁj X xOp;€B foralliel and j € J.

3. It suffices to show that if O1,09 € T, then O1N O € T. Since O1,02 € T, we have
O = 'U[Ni and Oy = 'UJW]- where N;, W; € B for all i € I and j € J. Therefore, we
1€ VIS
obtain:

01n0 :<UNZ-)D UW = U (NnWy).
BT e (jeJ ]> (i,j)eIxJ( i)

It remains to show that N;NW; € B for all i € I and j € J. By definition, we have
Ni=Rix---x Rl ande:K{xmeﬂ; where R!, € T, and K1 € To, for alla=1,...,n.

This allows us to write:
N;NW; = (RINK]) x (RyNKJ) x - x (RENKY).

Since R: N KJ are open sets in Ty, for alla =1,...,n, we deduce that N; NW; € B for all
i€l and j € J, which implies that O1NO2 € T. Finally, we conclude that T is a topology
on X.

Example
327

1. The box topology or product topology on R"™, such that R is equipped with the usual topology,
is the topology with basis

B= {ﬁl]ai,bi[ . a;,b; € R for each 1 gign}.

1=

n
2. Let {(X;,T;):i=1,...,n} be a family of indiscrete spaces. Then, the product X = ‘Hlxi
1=

n
is an indiscrete space. Indeed, if O = ‘HlOi # X, then there exists an index ig such that
1=
Oy # Xiy. Since Tiy = {X,,0}, we obtain O;y =0, and hence O =. Therefore, the family
{X,0} forms a basis for the product topology on X, which shows that X is an indiscrete

space.
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@ )

Proposition 3.30. Let X = HX be a product of topological spaces, and let x =
(x1,...,xy) € X. Let S denote the family of sets of the form Ny X --- X Np, where
\ N; e N(x;) inX; fori=1,...,n. Then, S is a basic neighborhoods of z in X. )

If N; € N(x;), then there exists O; € T, for all i =1,...,n, such that x; € O; C V;. Therefore,
we obtain v € O1 X --+ X Oy C Ny X -+ X Ny, and since O1 X --- X Oy is an open set in X, we
conclude that N1 X ---x N, is a neighborhood of x in X.

Now, let N € N(x) in X. Then, there exists an open set O C X such that x € O C N. Thus,
there exists W = Oy x --- x Oy, an open set containing x (since B is a basis for the product
topology on X (see Definition 3.22 )). Hence, W € S because O; € N'(x;) for all i =1,...,n,
which implies that W C N.

3.28. Let R™ be equipped with the usual topology, and let x = (x1,...,2,) € R™.

The family
n
{H (xi_€i7zi+€i) : (Ela"'7€n) S (Ri)n}a

i=1

is a basic neighborhoods of x. Similarly, the family

n
{H(wi—a,xi—i—s) :5€]R*+},

=1

is also a basic neighborhoods of x.

@ )

Proposition 3.31. Consider A = H Az, a subset of the product space X = H X;. The
closure of A, denoted by CI(A), is gwen by:

J = y

. Let x = (x1,...,2y) € CI(A). Then, for every N; € N'(x;), we have:
(N1NAp) XX (NyNAp) = (Ny X+ X Ny )N A#0D,

which implies Ny A; 0 for alli=1,...,n. Thus, x; € Cl(A;) for alli=1,...,n, showing that
n
HAS ‘chl(Ai)'
1=
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Conversely, if x € H C’l(A ), then for every N; € N(z;), i=1,...,n, we have N;NA; # 0.
Therefore,
(NyNA) XX (NyNAp) = (Vi X+ X Ny)NA £,

which shows that x € Cl(A).

Using the previous proposition, we obtain the following result.

.4

Proposition 3.32. Let A= H A; be a subset of a product space X = H X;. Then A is
closed in X if and only if A; zs closed in X; for everyi=1,.

4

n

Proposition 3.33. A product space X = _Hlxi is Hausdorff if and only if each X; is
1=

Hausdorff for everyi=1,...,n

n
—) Suppose that X = ‘Hlxi is Hausdorff, and let x,,yi, € Xi, such that xi, # yi,. For any a’ =
1=

n
(X1, oy Tig—1, Tigt1, -, Tn) € _Hlxi, there exists a neighborhood O of (z1,...,%ig,...,%p)
1=

i#ig
and a neighborhood O of (x1,...,Yiy,-..,Tn) such that ONO" =10. Let O = Ny x Na and

O' = N| x N3, where Ny € N'(xi,), N2 € N(2'), Ni € N(yi,), and Ny € N(2'). Thus, we
obtain:
ONO' = (NyNNj) x (NaNNj) =0 = NyNNj =0,

and therefore X;, is Hausdorff.

) Letx=(x1,....,20n), y= (Y1,...,yn) € X = H X; such that x #vy. Then there exists at least
one ig € {1,...,n} such that z;, # yi,. Smce Xi, is Hausdorff, there exist a nezghborhood
N of z, and a neighborhood W of y;, such that VW = 0. By setting Oy =X X -+
Xip—1 X NxXjop1 XXX, and Oy =Xq X -+ x X1 X W x X 11 % -+ XX, we obtain
Oy € N(z), Oy € N(y), and O, N Oy =0, which shows that X is Hausdorff.

3.8 Convergent sequences
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.4

Definition 3.23. A "sequence of elements” of a set X is defined as any function from
N (or a subset of N) into X, which associates with each integer n in N an element of X

denoted by x,,. The sequence with general term x,, is denoted by (Tpn)neN-

~N

W)

Definition 3.24. Let (X,T) be a topological space. Consider a sequence (Tp)pen Of
elements in X and a point | € X. We say that 1 is the limit of the sequence (Tpn)pen (0T
that (zy)nen converges to l) as n tends to infinity, if for every neighborhood N of | in X,

there exists an integer ng such that x, € N for all n > ng. In other words,
VN eN(l),IngeN : VneN, n>nyg= 1z, € N.

In this case, we write:

i Tn = -
U A sequence that does not converge is called divergent. )

Example
3.2

1. Fvery constant sequence is convergent in all topological spaces.
2. A sequence in an indiscrete space is convergent to every point of that space.

3. If (X,7T) is a discrete space, then a sequence (xp)nen in X converges to | if and only if

there exists ng such that x, =1 for all n > ng.

1
4. The sequence (xy,) of the general term x, = — is convergent to 0 in (R,|-|), and it is
n
divergent in (R,P(R)).

4

Proposition 3.34. If (X,T) is a Hausdorff topological space, then every convergent se-

quence in X has a unique limit.

it has two distinct limits 1y # la. Since (X,T) is a Hausdorff space, there exist neighborhoods
N1 € N(ly) and Ny € N(l2) such that Ny NNy = 0. According to the definition (3.24), there

exist integers ny and ny such that:

. Let us reason by contradiction. Let (xy) be a convergent sequence in X. Suppose

VYn>ny,x, € N1 and Vn = no, x, € No.
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Let ng =max(ny,ng). Then, for all n > ng, we have

which contradicts the fact that Ny N\ No = 0. Therefore, l1 = .

3.30. The trivial topology (indiscrete topology) on a set X is a non-Hausdor(f

topology because every element x € X has only one neighborhood, namely X itself. Therefore, if
(Tn)nen 1s a sequence in X, every point x € X is a limit for this sequence. Hence, the limit is

not unique.

.4

Definition 3.25. A cluster point or accumulation point of a sequence (zy)neN in a topo-
logical space (X,T) is a point x such that, for every neighborhood N of x, there are

infinitely many natural numbers n such that x, € N.

k
3.16. According to the previous definition, we conclude that the limit of a sequence

is an accumulation (cluster point) point of this sequence.

Example
3.31.

1. In (R,|.]), x =1 is the unique accumulation point (cluster point) of the sequence (xp)neN =

(14+e ™) pen, and this value is the limit of the sequence. Moreover, x, =1+e~" is an

adherent point for every n € N, but it is not an accumulation point (cluster point).

2. In (R,].]), the sequence (xp)nen = ((—1)")pen has two accumulation points (cluster

points), —1 and 1, but it is a divergent sequence.

According to the previous example and the definition (3.25), we conclude that every accumu-

lation point is an adherent point, but the converse is not true.

4

Proposition 3.35. If (X,7) is a Hausdorff (separated) topological space, then every

convergent sequence in X has a unique accumulation point (cluster points), which is its

limat.

Section 3.8 Dr. CHOUGUI Nadhir 29



CHAPTER 3. TOPOLOGICAL SPACES

Proof . . . Y
. By arguments similar to those used in the proof of the previous proposition.

3.17.

1. A sequence that has at least two accumulation points diverges.

2. The converse of the previous proposition s false. For example, the sequence defined by

zp = (1—(=1)") xn has only 0 as an accumulation point but diverges.

4

Definition 3.26. Let (x,) be a sequence in a topological space (X,T). We call a subse-
quence or extracted sequence of (x,) any sequence of the form (z4)), where ¢(n) is a

strictly increasing function from N to N.

3.32. If (zy) is a sequence in a topological space (X,T) and ¢p(n) =2n+1, then

(xont1) ={x1,23,25,27,...,Ton+1,-.. } is a subsequence of (xy,).
Using the definitions (3.24) and (3.25), we obtain the following two results.
7 >

Proposition 3.36.

1. Every subsequence of a convergent sequence is convergent (towards the same limit).

2. The limit of a subsequence extracted from a sequence (xy,) is a cluster point of this

sequence. )

\U

z >
k

Proposition 3.37. Let (z,) = {z},22,...,25} be a sequence in a space X = ,Hlxi. Then,
1=

(zn) converges to z = (21,22,...,2%) if and only if for all i =1,...,k, the sequence (%)

g )
\| converges in X to 2". )

—) Suppose that (z,) = {z},22,...,2F} converges in X to z = (2%,2%,...,2%). Let N; be a
neighborhood of z; in X;, fori=1,....k. Then, W =Xy x -+ xX;_1 X N; x Xj 41 X+ x X},

s a neighborhood of z, so there exists ng € N such that

n>=nyg— z, € W.
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Consequently, we obtain:

n>n0:>zf1€Ni,

which shows that for all i =1,...,k, the sequence (2%) converges to z* in X;.

i

<=) Suppose that for all i =1,...,k, the sequence (z.) converges to z* in X;. Let W be a
neighborhood of z = (2',2%,...,2F) in X = ZliXZ According to proposition (3.50), W
contains a neighborhood of the form Ny X --- X Ny, where N; is a neighborhood of 2* in X;
foralli=1,....k. Thus, for alli=1,...,k, and for all N; € N'(2"), there ewists n}, such
that:

n > né — zfl e N;.

If we set ng = maX(n(l), . ,nlg), we obtain:

n>=nyg=— zp € N; X--- X Ng,

which leads to:
n=ng— z, €W.

Therefore, z, is a sequence converging to z in X.

k ,
Proposition 3.38. If x = (z',...,2%) is a cluster point of (z,) in X = I X;, then 2’ is

=1
a cluster point of (2) for alli=1,... k.

. LetNiE./\/(xi) foralli=1,....k, then W =X X -+ X X;_1 X N; X X411 X -+ x X, is

a neighborhood of x in X. Consequently, we obtain:
card{n € N: z, € W} = +o0,

which leads to:

card{n eN:z ¢ Ni} = 400,
from which it follows that x° is a cluster point of (2%) for alli=1,... k.

The previous result is generally false. For example, in R?, if we take the sequence z, =

(n,yn) defined by the following relations:

1

Ton =n Yon =
1 Y

Ton+1 =4 Yon+1 =N

It is clear that 0 is a cluster point of (x,) and (y,), but (0,0) is not a cluster point of (zy).
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3.9 Continuous applications
@ )

Definition 3.27 (Pointwise continuity ). Let (X,7x) and (Y,Ty) be two topological
spaces. We say that a function f: X —Y is continuous at xg € X if and only if for every
neighborhood N € Ny(f(xg)), there exists U € Nx(xo) such that f(U) C N. In other

words,

U (3.14) VN € Ny (f(x0)),3U € Nx(zo), f(U) C N <= f is continuous at x. )

Using the preimage, we obtain U C f~!(N), hence f~!(N) is a neighborhood of zg. Therefore,

we can write the previous definition in the following form.
z )

Definition 3.28. Let (X, Tx) and (Y, Ty) be two topological spaces. We say that a function
f: X —Y is continuous at o € X if and only if the preimage of any neighborhood of

f(zg) in Y is a neighborhood of xo in X. In other words,

| (3.15) VN € Ny(f (o)), f~(N) € Nx(wo) Yy,

3.18. In both previous definitions, we can replace Nx(xo) and Ny(f(xo)) with the
basic neighborhoods of xo and f(xg).

Example
3.33.

1. The function f: (R,|.|) — (R,P(R)) such that for all x € R, f(z) =z, is not continuous
on R, because N = {x} is a neighborhood of x in (R,P(R)), but f~*(N) = {x} is not a
neighborhood of x in (R,[.]).

2. Let X = {x1,22,23,24} and Tx = {0,X,{z1},{x2},{z1,22},{w2, 23,24} }, and let Y =
{y1,92, 93,94} and Ty ={0,Y, {y1}, {y1,v2}, {v1, 92,93} }. We define the function f:X —
Y by f(za) =ya, f(x3) =y2, and f(x1) = f(22) =y
e For example, we have Ny(f(z4)) = Ny(ya) = {Y}, and f~1(Y) =X € Nx(z4), so f is
continuous at x4.
o We also have Ny(y2) = {{y1,y2}, {v1,y2,y3}. {v1, 92,94}, Y}. If we take N = {y1,y2},
we obtain f~H(N) = {x1,79,73} & Nx(x3), so f is not continuous at x3.
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.4

Proposition 3.39 (Transitivity of continuity). Let XY and T be three topological
spaces. Consider the two functions f: X —Y and g:Y — T. If f is continuous at a

point xg € X and g is continuous at f(xg), then go f is continuous at xg.

. Let W e Np(go f(xg)). Since g is continuous at f(xg), there exists N € Ny(f(xo))

such that g(N) CW, and since [ is continuous at xg, there exists U € Nx (o) such that f(U) C
N. From this, we deduce that go f(U) C W, which implies that go f is continuous at xg.

R k
3.19. The converse in the previous proposition is not always true.

Consider the function f as shown in example (3.33(2)) and let g: (Y, Ty) — (X, Tx) be a func-
tion defined as follows: g(ys4) = x4, g(y3) = x1, g(y2) = x3, g(y1) = x2. On one hand, we have
Nx(g(f(24))) = Nx(9(ya)) = Nx(24) = {{w2, 23,24}, X}. But, g~ ({2, 23,24}) = {y1,y2, 34} ¢
Ny (y4), which means that g is not continuous at f(x4) =ys. On the other hand, we have
(g0 f)(xa) = g(f(wa)) = 9(ya) = x4 and N (w4) = {{x2,25,24} , X}, and (g0 )~ ({x2,23,24}) =
Yo {2, 23,24})) = F {y,y2, 1)) = X € Nx(z4). Since (go f)™1(X) =X, we conclude
that go f is continuous at x4.

@ )

Proposition 3.40. Let (X,Tx) and (Y,Ty) be two topological spaces and f: X — Y.

The following statements are equivalent.
1. f is continuous.
2. f(CI(A)) CCI(f(A)) for every subset A of X.
3. f~Y(F) is closed in X for every closed set F inY.
4. fYO) is open in X for every open set O in Y.
5. f~YB) is open in X for every element 3 of a basis B of Ty.

6. f~Y(IntB) C Intf~Y(B) for every subset B of Y.

\ 7. CI(f~1(B)) C f~Y(CU(B)) for every subset B of Y. )

o (1)= (2) Letac CI(A) and N € Ny(f(a)). Then f~1(N) € Nx(a) because f is continuous.
Consequently, f~Y(NYNA#Q. Thus, if v € f~1(N)NA, we obtain f(x) € NN f(A), ie.,
NN f(A)#0. Therefore, f(a) € Cl(f(A)), which shows that f(CI(A)) C CI(f(A)).

o (2)= (3) Let F be a closed subset of Y. Define A= f~Y(F), so it is sufficient to show
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that A= CI(A). By definition, we have A C Cl(A), and according to (2), we have f(Cl(A)) C
CI(f(A)) CCI(F)=F (since F is closed), hence CI(A) C f~Y(F)= A. Consequently, A =
CI(A), which shows that f~'(F) is closed in X.

e (3)= (4) Let O be an open subset of Y, then CyO is a closed set in Y. Therefore, by (3),
the set f~1(CyO) is closed in X. Since f~1(CyO) =Cxf~1(0), we deduce that f~1(O) is open
in X.

e (4)= (5) Obuvious.

e (5)= (6) Let B be a subset of Y. Then, Int(B) = U B; such that {B;:i € I} is a family
of elements from a basis B of Ty. Using the inverse z'mazgel, we obtain

fHIm(B)) = (U ﬁi) =16
el el
Thus, f~Y(Int(B)) is an open set in X (according to (5)), and since f~(Int(B)) C f~Y(B),
we conclude that f~*(Int(B)) C Int(f~Y(B)) (see Proposition (5.12)).
e (6)—> (7). Let B be a subset of Y. Using Proposition (3.15(4)) and (6), we obtain:

Cxft(ci(B)) = f1(CyCl(B)) = f (IntCyB)

C Intf~1(CyB) = Intlx f1(B) =CxClf~Y(B),

which shows that
ClLf~1(B) C fHCU(B)).

o (7)= (1) Let z9 € X and O be an open neighborhood of f(xo). Then, CyO is closed in Y.
Using (7), we obtain
Clf~(Cy0) € f7H(C1(Cy0)) = F(CvO)

(since CyO is closed), and thus f~1(CyO) =Cx f~1(O) is closed. Consequently, f~1(O) is open
in X. Finally, since o € f~4(O0), we conclude that f~1(0) € Nx(zo), which shows that f is

continuous.

.4

Proposition 3.41. Let (A,Ta) be a subspace of a topological space (X,T). Then the

canonical injection i : A — X defined by i(a) = a, for all a € A is continuous.

. Let O be an open set in X. Then i~1(O) = ON A, which is open in (A, T4), soi is

continuous.
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.4

Proposition 3.42. Let f: (X, Tx) — (Y, Ty) be a continuous mapping and A C X. Then
the restriction f|, : (A,Ta) — (Y, Ty) is continuous.

of two continuous functions.

.4

Proposition 3.43. Let (X,Tx) and (Y, Ty) be two topological spaces. If f: (X, Tx) —

(Y, Ty) is continuous and injective, and Y is separated, then X is separated.

. Given that f|, = foi, it follows that f|, is continuous because it is the composition

. Let x,y € X such that x # vy, then f(x) # f(y) (since [ is injective), and since Y
is separated, there exist two disjoint open sets O1 and Oz such that f(x) € Oy and f(y) € Os.
Therefore, f~1(O1) and f~1(Os) are two disjoint open sets such that x € f~1(O1) and y €
f~HOs), which shows that X is separated.

.4

Definition 3.29 (Sequential Continuity). Let (X,7x) and (Y,Ty) be two topological

spaces. We say that f is sequentially continuous at xqo if for every sequence (xy) that

converges to xg, the sequence f(xy) converges to f(xg).

R k
3.20. We say that f is continuous (resp. sequentially continuous) on X if it is

continuous (resp. sequentially continuous) at every point of X.

.4

| Proposition 3.44. Fvery continuous function is sequentially continuous.

. Let f be a function continuous at xo and let (zy) be a sequence converging to xg.
Then, if N is a neighborhood of f(xg), f~1(N) is a neighborhood of xo, so there exists ng € N
such that:

n>ng=ay € fH(N),

or, equivalently,
n)”oéf(xn)eNv

which demonstrates that lim f(xn) = f(zo).

R k
3.21. The converse in the previous proposition is not true in general.
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3.10 Open and closed maps

Let f:X — Y be a continuous function.

e If O is an open set in X, then f(O) is not necessarily open in Y.

o If F'is a closed set in X, then f(F') is not necessarily closed in Y.

In other words, the continuous image of an open set (resp. closed set) is not necessarily an

open set (resp. closed set).

Example
3.34.

1. The function f: (R,|.|) = (R,|.|) defined by f(z) =sin(x) is continuous on R, but f(R) =

[—1,1] is not an open set in R.

2. The function f:(R,[.]) = (R,|.]) defined by f(x) = e" is continuous on R, but f(R) =

(0,+00) is not a closed set in R.

.4

Definition 3.30. Let (X,7x) and (Y,Ty) be two topological spaces, and let f:X — Y.
We say that f is an open map (resp. closed map) if the image of every open set (resp.

closed set) in X is an open set (resp. closed set) in Y.

Example
3.35.

1. Let X be a topological space and A CX. The canonical map i: (A, Ty) — X defined by
i(x) = is open (resp. closed) if A is an open (resp. closed) subset of X.

2. Let f:(R,|.]) = (R,|.|) be the function defined by f(x) =c € R. If F is closed in R, then
f(F) ={c} is also closed in R. However, if O is open in R, then f(O)={c} is not open

in R. Therefore, f(x)=c is a closed map but is not an open map.

@ )

Proposition 3.45. Let (X,Tx) and (Y, Ty) be two topological spaces, and let f:X — Y.
Then, for any A C X, we have:

1. fis open <= f(IntA) C Int(f(A)).

\ 2. f is closed <= CI(f(A)) C f(ClA). Y
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1.

2.

—> ) Suppose that f is open; then f(Int(A)) is open in Y. Consequently, f(IntA) C
Int(f(A)) (since Int(A) C A).

< ) Suppose that f(IntA) C Int(f(A)) and let A be an open set in X. Then f(A) =
f(IntA) C Int(f(A)), so f(A)=Int(f(A)), which shows that f is open.

Ezercise: using arguments similar to those used in (1).

@

\

Proposition 3.46. Let (X,Tx) and (Y, Ty) be two topological spaces, and let f:X — Y.
Then, for any ACX and B CY, we have:

1. f is continuous and open <= f~1(IntB) = Int(f~*(B)).

2 [ is continuous and closed <= CIl(f(A)) = f(ClA). )
1. = ) Suppose [ is open and continuous. Then we obtain

) F Y (IntB) € Int(f(B)),

according to Proposition (3.40(6)). On the other hand, since Int(f~1(B)) is open in X, we
have that f(Int(f~Y(B))) is openinY (since f is open). Consequently, f(Int(f~1(B)))=
Int f(Int(f~1(B))) € Tnt(f(f~(B))) C IntB, o

(ii) Int(f~'(B)) C f~'(IntB).

Finally, the two inclusions (i) and (ii) show that f~'(IntB) = Int(f~1(B)).

<= ) Suppose f~1(IntB) = Int(f~1(B)). Then f is continuous (see Proposition 3.40(6)).

Moreover, if A is an open set in X, we have
A= Int(A) C Int(f71(f(A) = f~ (Int(f(A)),

and thus f(A) C Int(f(A)). Hence, f(A) is open, so [ is open.

2. Clear (using Proposition (3.40(2)) and Proposition (3.45(2))).

3.11 Homeomorphism
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\

W)

Definition 3.31. Let (X,Tx) and (Y, Ty) be two topological spaces and f: X — Y. We
say that f is an homeomorphism from X to Y if:

1. f is a bijection (one-to-one and onto),
2. f is continuous,
3. the inverse function f~1 is continuous ( f is an open mapping).

If there exists an homeomorphism from X to Y, we say that X and Y are homeomorphic

or topologically equivalent, and we denote this by X =Y. Any property preserved by an

| homeomorphism is called a topological property. )

Example
3.36.

1. Let X=R and Y = (—1,1) endowed with the usual topology. The function f:R — (—1,1)
defined by f(z) =

x
TH is a homeomorphism. Consequently, X andY are homeomorphic.
x

2. Let X = (a,b) and Y =R with the usual topology. The function f: (a,b) — R defined by
1 1
flr)= Lt 1

r—a

b is a homeomorphism. Therefore, X and Y are homeomorphic.

3. Let X=(0,1) and Y = (a,b) endowed with the usual topology. The function f:(0,1) —
(a,b) defined by f(x) = (b—a)x+a is a homeomorphism. Consequently, X and Y are

homeomorphic.

3.22.

1. In general, the bijectivity and continuity of f do not imply that [ is a homeomorphism.
For example, the map f: (R, P(R)) — (R,|-|) defined by f(x) =z is a bijection and

continuous, while =1 is not continuous.

2. Homeomorphisms are, by definition, open and closed maps.
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