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CHAPTER 4

COMPACT SPACES

4.1 Compactness in Topological Spaces

4.1.1 Compact Spaces and Sets

Let (X,7) be a topological space and {O; : i € I} a family of open sets in X.

.4

Definition 4.1. We say that the family {O; :i € I} is an open cover of X if X = O;.
el

.4

Definition 4.2. We say that the family {O; :i € I} is an open cover of a subset A of X
if AC UO;.

el

& )

Definition 4.3 (Borel-Lebesgue). The topological space (X,T) is said to be compact if
it is Hausdorff (separated) and for every open cover {O;:i € I} of X, one can extract a

finite subcover. In other words:

(4.1) (X = OZ) = (EIJ (finite) C I such that X = [ Oi) .
el ieJ

U /

The following definition characterize compactness in terms of closed subsets of the space.



CHAPTER 4. COMPACT SPACES

~N

W)

Definition 4.4. The topological space (X,T) is said to be compact if it is Hausdorff
(separated), and for every family of closed sets {F; : i € 1} in X with an empty intersection,

one can extract a finite subfamily whose intersection is also empty. In other words:

(4.2) (ﬂ I = @) = (EIJ (finite) C I such that (| F;= @) .
icl icJ

\U

Example
.1

1. The space (R,|.|) is Hausdorff, but it is not compact because the family {(—n,+n) : n € N}

is an open cover of R that does not have any finite subcover of R.

2. The space (R,P(R)) is Hausdorff, but it is not compact because the family {{z}:z € R}

is an open cover of R that does not have any finite subcover of R.

3. Any finite Hausdorff space is compact.

& )

Definition 4.5. A subset A of a Hausdorff topological space (X, Tx) is said to be compact
if the subspace topology (A,Ta) is compact. In other words:

(4.3) (A c Oi) —> (ElJ (finite) C I such that AC |J Oi) :
el ieJ

\ W,

4.1. The Borel-Lebesque property in (A,Ta) is expressed using the open sets of
(X, Tx) in the form (4.3).

& )

Proposition 4.1. A subset A of a Hausdorff topological space (X, Tx) is compact if and
only if for every family of closed sets {F;:i € I} in X, we have:

(4.4) (Aﬁ (ﬂ Fz) =(Z)> — (EIJ (finite) C I such that AN (ﬂ E) = (Z)) .
k el ieJ )

Section 4.1 Dr. CHOUGUI Nadhir 2



CHAPTER 4. COMPACT SPACES

= ) On the one hand, if A is compact then we have:

(10(n7) o) = (s<5e(ye) - )

Using definition (4.5), since {CxFi A I} s a family of open sets in X, we deduce that:
3J (finite) C I such that A C Cx (ﬂ Fl) = |J CxF.
1eJ 1eJ
This shows that:
3J (finite) C I such that AN (ﬂ FZ) = 0.

i€J

<= ) On the other hand, we have:

(A C EX (ﬂ FZ) = U E}Qﬂ) <~ (Aﬁ (ﬂ FZ) = @) .

Now, using (4.4) we obtain:

(Aﬂ (ﬂ FZ) :@) = (EIJ (finite) C I such that AN (ﬂ FZ) :@>

el e

- (EL] (finite) C I such that A C Cx (ﬂ E) = U EXFZ-) )

1eJ ieJ

Since {CXFi e I} is a family of open sets in (X, Tx), we conclude that A is compact.

Example
12

1. A=(0,1] is not compact because I, = (%, 1] is a sequence of open sets in A covering A,

and no finite subcover can be extracted.

2. Any finite subset of a Hausdorff space is compact.

4.1.2 Properties of Compact Topological Spaces

.4

| Proposition 4.2. In a Hausdorff topological space, a compact subset is closed.

Section 4.1 Dr. CHOUGUI Nadhir 3



CHAPTER 4. COMPACT SPACES

that Cx K is open. Let x € CxK. Since (X,Tx) is Hausdorff, for every y € K, there exist two
open sets Ny € N(x) and Wy, € N(y) such that Ny y Wy =0. The family {Wy,:y € K}
is an open cover of K and is compact, so we can extract a finite subcover {Wy . :i=1,...,n}
such that K C iQWw’yi' If we take N = iﬁle’y“ we obtain N € N'(z) and N C Cx K, which

. Let K be a compact subset in a Hausdorff topological space (X, Tx). It suffices to show

shows that CXK_Z'S open (because it is a ne;ghborhood of each of its points).

.4

Proposition 4.3. If (X, Tx) is a compact topological space and F C X, then F is compact
if and only if F' is a closed subset of X.

— ) This is evident from the previous proposition.

< ) Suppose that F is a closed subset of X. Then, if {F;:i € 1} is a family of closed subsets
of X such that F'N ( N FZ> =0, we obtain N (FNF;)=0. Therefore, by definition (4.4), there
il icl
exists a finite subset J C I such that ) = N (FNF;)=FnN ( N Fz> Thus, F' is compact by
ieJ icJ
proposition (4.1).

4

Proposition 4.4. In a Hausdorff topological space, a finite union of compact sets is

compact.

Lol por (ry k=1,

n
let K= U Ky. Then, any open cover {O;:i € 1} of K is also an open cover of each Ky, for

k=1
each k=1,....n. Therefore, there exists a finite subset Ji C I such that K C U O;, for each
i€Jy
k=1,....,n. Taking J = J1U---UJ,, we see that U O; is a finite subcover of K, which shows
ieJ

.,n} be a finite family of compact sets in a topological space X and

that K is compact.

4

Proposition 4.5. In a Hausdorff topological space, any intersection of compact sets is

compact.

Section 4.1 Dr. CHOUGUI Nadhir 4



CHAPTER 4. COMPACT SPACES

let K= N K;. Then K is closed (since it is an intersection of closed sets) within the compact
el
set K;, for some ig € I. Therefore, by proposition (4.3), K is compact.

. Let {K;:i €1} be a family of compact sets in a Hausdorff topological space X, and

4

Lemma 4.1 (Bolzano-Weierstrass). Let (X, Tx) be a compact topological space. Then,

every infinite subset of X has at least one accumulation point.

exists an open neighborhood N, € N (x) such that

. If A is an infinite subset of X with no accumulation points, then for each x € X, there

x} ifxe A,
N, A {z} of
0 if v ¢ A
Thus, the family {N, : x € X} forms an open cover of X, which is compact. Therefore, we can
extract a finite subcover { Ny, :i=1,...,n} such that
n
X= U Ny,
=1

However, we also have
n n
A=ANX=AN <U N@-) =JMAnN,,),
=1 =1

which implies that A contains at most n elements, contradicting the assumption that A is

infinite.

4

Lemma 4.2 (Weierstrass). Let (X,7x) and (Y, Ty) be two topological spaces such that
(Y, Ty) is Hausdorff, and let f: X —Y be a continuous map. If A is a compact subset of
X, then f(A) is a compact subset of Y.

. Let {O; :i € I} be an open cover of f(A), i.e., f(A) CUier Oi. Since f is continuous,
the family {f~1(O;) :i € I} is an open cover of A. By the compactness of A, there exists a
finite subset J C I such that

ACUf*KMZf*(UOJ.

ieJ eJ

Section 4.1 Dr. CHOUGUI Nadhir 5



CHAPTER 4. COMPACT SPACES

Since f(A) C f (f_l ( U OZ>> C U O;, we conclude that f(A) is a compact subset of Y.

ussi i€J
4.2. According to the previous proposition, we conclude that compactness is a topo-
logical property.
The following corollary is a version of the extreme value theorem.

@ )

Corollaire 4.1 (Heine). If (X,T) is a compact topological space and f:X — (R,[.|) is

a continuous function, then f is bounded on X, and there exist points a,b € X such that

N fla) =max f(z) and f(b)=min f(z). )

. Since f is continuous and X is compact, f(X) is a compact subset of (R,|.|) (see
Lemma (4.2)). 1t follows that f(X) is closed and bounded (see Proposition (4.2)). Let M =
sup f(X). Since f(X) is closed, we conclude that M € f(X), and therefore, there exists a € X

such that f(a) =M = maz f(z). Similarly, we can show that the minimum is attained.
re

R k . . .
4.3. The previous corollary shows that continuous functions on a compact set and

with values in R attain their bounds.

.4

Proposition 4.6. Let (X,Tx) be a compact space, (Y, Ty) be a Hausdorff space, and
f: (X, Tx) — (Y, Ty) be a continuous function, then f is closed.

. Let F be a closed subset of X, then F is compact (see proposition (4.3)), and thus
f(F) is compact (see lemma (4.2)), from which it follows that f(F') is closed (see proposition

(4:2).

.4

Proposition 4.7. Let (X,Tx) be a compact space, (Y,Ty) be a Hausdorff space, and

f:(X,Tx) — (Y, Ty) be a continuous bijection, then f is a homeomorphism.

then it is compact, and thus f(F) is compact. However, a compact subset of a separated space

. It is enough to show that =1 is continuous. Let g= f~'. If F is a closed set in X,

is closed, so g~ ' (F) = f(F) is closed. Therefore, g= f~! is continuous.

Section 4.1 Dr. CHOUGUI Nadhir 6



CHAPTER 4. COMPACT SPACES

.4

Theorem 4.1 (Tychonoff’s Theorem). Let {(X;,7;):i € I} be a family of topological
spaces, then 'HIXi is compact if and only if X; is compact for all i € I.
1€

. We will assume the result in the general case. Here, we simply prove it for the finite
product of compact spaces. Therefore, it is sufficient to prove it for the product of two compact
spaces.

—) If XX Y is compact, then X and Y are compact because they are the images of the con-
tinuous projections Px(XxY) =X and Py(XxY) =Y.

<) Suppose that X and Y are compact. Let {O; :i € I} be an open cover of X x Y. Then, for
every (v,y) € X XY, there exist Uy, ) € Tx and Vi, € Ty such that (z,y) € Ugy ) X Vigy) C
O(z,y) With O,y €{0; 1 € T}

Notice that for each x € X, the family {V(x’y) Ty € Y} is an open cover of the compact space

Y, and so we can extract a finite subcover {V(x’yl,) 1= 1,...,n} for it. On the other hand, if
n

we take Wy = N Uy y,), then the family {Wy : 2 € X} is an open cover of the compact space X,
i=1 7

and so we can extract a finite subcover {ij 1) = 1,...,m}.

We deduce that the family {W$j X Vi

Moreover, we have:

i) :izl,...,n,jzl,...,m} is a finite cover of X x Y.

CU,

ij X V(«’Ej,yi) = Ylaju) X V(wjyyi) < O(:Bj,yi)’ Vi<isn, 1<j<m.

Thus, the family {O(wj,yi)

shows that X x Y is compact.

i=1,....n andjzl,...,m} is a finite open cover of X x Y, which

.4

Definition 4.6 (Relative compactness). A set A is said to be relatively compact in a

topological space (X, Tx) if Cl(A) is compact.

Example
.5

1. Every non-empty subset of a compact space is relatively compact.

2. Every compact set is relatively compact.

Section 4.1 Dr. CHOUGUI Nadhir 7
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.4

Definition 4.7 (Local compactness). A space (X, Tx) is said to be locally compact if

it is Hausdorff and every point of X has at least one compact neighborhood.

Example
W

1. (R,]-|) is locally compact because it is Hausdorff and [z —r,x+r] is a compact neighbor-
hood of every x € R.

2. Every discrete space is locally compact because it is Hausdorff and {x} is a compact

neighborhood of every point x in this space.

4.2 Compactness in metric spaces

The definitions of compactness in a metric space (X,d) are the same as those we saw in a

topological space (see the previous section (4.1)).

R k
4.4. In an abstract topological space, there is no notion of distance, and therefore

we do not talk about bounded sets.

4.2.1 Precompact spaces and sequentially compact spaces

4

Definition 4.8. Let A be a subset of a metric space (X,d). We say that A is bounded if
there exists a ball B(x,r) with center x and radius r > 0 such that A C B(z,r).

.4

Definition 4.9. Let (X,d) be a metric space and A a subset of X. We say that A is

sequentially compact if every sequence in A has a convergent sub-sequence.

(& )

Definition 4.10. Let (X,d) be a metric space and A a subset of X. We say that A is
precompact (or totally bounded) if for every r > 0, there exist points x1,...,2, in A such
n
that A C U B(x;,7).
i=1 W,

Section 4.2 Dr. CHOUGUI Nadhir 8
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4.5. According to the two definitions (4.8) and (4.10), every precompact set is
bounded.

Example
.5

1. Any finite subset A of a metric space (X,d) is sequentially compact because if (xp)nen S

a sequence in A, then at least one of the elements x € A must repeat infinitely many times

in this sequence, and thus the sequence (xg,...,T;,T,,...) is convergent.

2. Every finite subset A of a metric space (X,d) is precompact, because for any r >0, there

exist points x1,...,xy in A such that:A C U B(x;,7).
=1

3. If (xp)neN s a sequence converging to xg in a metric space (X,d), then the set A= {xy, :

n > 0}yU{xo} is precompact. This is because for any € >0, there exists ng € N such that
VYn e N, n>=ny = d(x,,x0) <.

Therefore,

no—1
AC U B(xy,e) U B(xg,¢).
k=1

.4

Lemma 4.3. Let (X,d) be sequentially compact metric space. If {O; :i € I} is an open
cover of X, then there exists r > 0 such that for every x € X, the ball B(z,r) is contained

in one of the open sets O;.

. Suppose that for every n € N*, there exists a point x,, € X such that the ball B(xy, %)
is not contained in any of the open sets Oy, i.e., B(xy, %) NCxO; # 0 for alli € 1. Since (X,d) is
sequentially compact, the sequence (z,,) has a convergent subsequence (xy, ). Let x,, — x € X.
Then, there exists at least one ig € I such that x € O;,, and therefore there exists r > 0 such
that B(z,r) C Oj,.

On the other hand, since x,, — x, the ball B(x,%) contains infinitely many points of (xy,).
Thus, there exists n, > % such that xy, € B(x,%), which implies that B(zy,, nip) C B(z,1) C Oy,

leading to a contradiction.

4.2.2 Properties of Compact Metric Spaces

4

Proposition 4.8. Let (X,d) be a metric space and A a closed subset of X. Then, the

following statements are equivalent.

Section 4.2 Dr. CHOUGUI Nadhir 9
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~

. A is compact.

2. If F=A{F;:i €1} is a family of closed subsets of A such that for every finite family

sets F1,...,F, € F we have ﬂF#(Z) then N F; # 0.
el

o

A is sequentially compact.

4. BEvery infinite subset of A has an accumulation point.

=

A is complete and precompact. Yy,

\U

Let us assume that A is compact and let F ={F;:i € 1} be a family of closed subsets of A
such that for every finite collection F1,...,F, € F, we have ﬂ F; #£0. Now, if NF; =1,

el
follows that the family {CxF; :i € I} is an open cover of X and therefore of A. Since A is

compact, there exist Fy,...,F, € F such that A C U CxF; = Cx ﬂ E;. Given that F; C A for

=1 =1

every v =1,...,n, we conclude that ﬂ F; =0, which contradicts the assumption that ﬂ F; #10.
=1 z:

(2) = (1) Let {O; :i € I'} be an open cover of A, i.e., AC U O;, and thus N 040; =0, which
ZEI el

implies ﬂ CAO; =0 (according to (2)), showing that A C U O;, and hence A is a compact set.

(3) = (,i) If K is an infinite subset of A, then K contams a sequence of distinct points (xy,);

by (3), there exists a subsequence (xp, ) converging to x. Therefore, x is an accumulation point
of K.

(4) = (3) Let (xy,) be a sequence of distinct points in A. Using equation (4), we conclude that
(xn) has an accumulation point x € A because A is closed. The ball B(z,1) contains infinitely
many elements of the sequence (xy), so we choose xyn, € B(x,1). The ball B(x,%) contains
infinitely many elements of the sequence (xy), so we choose xy, € B(x,%) with ng >ny. We
repeat this process, choosing xn, € B(z, %) with ng > ny. Therefore, we can select a subsequence
(xn, ), such that ng41 > ny and x,, € B(z, %) forallk=1,2,.... It is clear that this subsequence
converges to x.

(1) = (4) (See Lemma (4.1))

(1) = (5) Assume that A is compact.

o Let () be a Cauchy sequence in A. Since (1) = (4) <= (3), there exists a subsequence
(@n,) such that x,, — x, so x, = x, and hence A is complete.

e For every r >0, the family {B(z,r):x € A} is an open cover of A, so there exists a finite
open subcover {B(zj,r):i=1,...,n} of A, that is, there exist points x1,...,x, in A such that
AC U B(x;,r), which shows that A is precompact.

(5) :1> (3) Let (x,) be a sequence in A and (ry) a decreasing sequence of positive num-
bers such that (rp) — 0. Using (5), we conclude that there exists a finite cover of A by
the balls {B(zi,r1):i=1,...,n}. Therefore, there exists a ball B(yi,r1) that contains in-
finitely many elements of (xy). Let Ny ={n € N:d(y1,x,) <r1}. Now, consider the sequence

Section 4.2 Dr. CHOUGUI Nadhir 10
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{xy, :m € N1} and the balls of radius ro. We repeat the process; there exists ya € A such that
No ={n € Ny : d(y2,z,) <12} is an infinite set. By induction, we can show that for each i >1,
we choose a point yr € A and an infinite set Ny such that Ngy1 C Ny and {z, :n €N} C
B(yg,rg). If we define Fy, = Cl{x, :n € Ni}, then Fpiq C Fj, and diam(Fy) < 2r. Since A
is complete, Cantor’s theorem implies that QFk = {z}. If we choose n € Ny, then (xy,) is a

subsequence of () converging to x, and hence A is sequentially compact.

(5)= (1) Let G={0; :i € I} be an open cover of A. Since A is precompact, for every r >0,
there exist points x1,...,xy, € A such that A C G B(xy,r). But for each 1 <k <mn, there exists
O € G such that xy, € Oy,. Thus, it is suﬁ?cz’e;t_;flo choose > 0 such that B(xy,r) C Oy for all
1 <k<n (see Lemma 4.3). We then deduce that A C CJ B(xg,r) C LTj Oy, which shows that
the family {Oy : k=1,...,n} is a finite open cover of A,Z_alnd thereforez_fi s compact.

(3) = (5) Let (xy,) be a Cauchy sequence in A, then (3) implies that there ezists a subsequence
(xn,) such that x,, — x. Since d(zp,x) < d(zp,2n,) +d(zp,,x), it follows that x,, — x.

7 N
Proposition 4.9.

1. For all a,b € R, the closed interval [a,b] is compact in (R,]|-|).

\ 2. A subset A of (R,|-]) is compact if and only if it is closed and bounded. )

1. The interval [a,b] is closed in R, which is complete, and therefore complete. Thus, ac-
cording to the previous proposition, it is enough to show that it is precompact. Indeed,
for every r > 0, we can find points a = x1,x2,...,x, = b such that x; —x;i—1 <r, and
la,b] C Gl(xl —7r,xi+T).

i=

— ) Let A be a compact subset of (R,|-|), then it is complete and precompact, according
to the previous theorem, and therefore it is closed and bounded (see Proposition 7?7 and
Remark 4.5).

<= ) Let A be a closed and bounded subset of (R,|-|), then there exists a closed and
bounded interval [a,b] such that A C |a,b], and since [a,b] is compact, A is compact (see
Proposition 4.3).

Example
16

1. Every bounded and closed subset of (R?,ds) is compact.

2. Any subset of (R?,dy) that is either unbounded or not closed is not compact.

Section 4.2 Dr. CHOUGUI Nadhir 11
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3. The closed disk {x € R? : dy(z,y) < 7“} is compact.

.4

Lemma 4.4 (Heine). If f: (X,dx) — (Y,dy) is continuous and X is compact, then f is

uniformly continuous.

and two sequences (xy) and (yy) in X such that:

. Suppose that f is continuous but not uniformly continuous. Then, there exist € >0

dX<xnayn) < % and dY(f(%’L)?f(Qn)) ZE.

Since X is compact, there exists x € X and a subsequence xy, such that d(xy,,r) — 0. We
deduce that

1
d(ynmx) < d(ynkaxnk) +d($nk,$) < E +d($nk,$),

hence yn, — x. Since f is continuous, there exists 6 > 0 such that:

Y

dx(xp,,r) <6 = dy(f(xn,), f(x)) <

Do ™

dX(ynk?x) <d= dY(f(ynk)7f($)) <

DO ™

Consequently, we obtain:

dy (f(@ny ), f(Yni)) S dy(f(@ny), f(2)) +dy (f(2), f(yn,)) <&,

which contradicts the hypotheses.

Using the previous lemma, we obtain the following result.

4

Corollaire 4.2. If f :[a,b] = R is a continuous function, then f is uniformly continuous

on [a,b.

z >
Proposition 4.10. Let (X,d) be a metric space. Then, we have:

1. Every relatively compact subset is precompact.

| 2. If (X,d) is complete, then every precompact subset is relatively compact. )

Section 4.2 Dr. CHOUGUI Nadhir 12
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1. Let A be a relatively compact subset of X; then CI(A) is precompact, and hence A is
precompact.

2. Suppose (X,d) is complete. If A is precompact, then CI(A) is also precompact. Fur-
thermore, Cl(A) is closed in X, which is complete, and thus CI(A) is complete as well,
showing that C1(A) is compact (see Proposition (4.8)).

Section 4.2 Dr. CHOUGUI Nadhir 13
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