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Series 5: Topological Spaces'

Let X = {1,234}, T = {0.5,{3}, {4}, (3.4}, {134} 12,3, 4}} and

A={1,3},B={2,4} C X.

1. Show that (X, T) is a topological space.

2. Find N(1), N(2), N'(3), N(4).

3. Find Cl(A), CI(B), Int(A), Int(B), A’ and B".
4. Find 8(A), 8(B), Ext(A), Ext(B).

5. Find Is(A) et Is(B).

6. Determine T4 et Tp.

7. Is (X, T) a Hausdorff (separated) topological space?

Let X an infinite set and A a subset of X. Define the following family

Teor = {O C X : CxO is finite} U {0}
1. Show that the family 7¢,s is a topology on X.
2. Determine the closed sets in X.
3. If A is finite, find CI(A), Int(A), and O(A).
4. If A is infinite, find CI(A), Int(A), and J(A).

: -
m Let f be a function from a non-empty set X to a topological space (Y, Ty),

and let
T = {f_l(G) G € Ty}

Show that 7T is a topology on X.



Let (X,7) be a topological space and A, B two subsets of X. Prove that:

1. AC B and A is open = A C Int(B).
A C B= Int(A) C Int(B).

Int(A) = Int(Int(A)).

Int(AN B) = Int(A) N Int(B).

Int(A) U Int(B) C Int(AU B).

A e N(B) < B C Int(A).

Int(CgA) = CxCI(A).

Cl(CxA) = CxInt(A).

O(A) is a closed set.

10. A is both open and closed <= 9(A) = 0.
11. Ais open <= 9(A)N A= 0.

12. Ais closed < 0(A) C A.

- .
m Let B and 8’ be two bases for the topologies 7 and 7T’, respectively.

Prove that 7 C 7" if and only if for every B'€ B.and = € B, there exists B’ € 9B’ such
that z € B’ C B.

W Prove that the function f : (X, Tx) — (Y, 7y) is continuous in each of

the following cases:

1. (X,Tx) = (Y, Ty) and f(z) ==z.
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2. f is constant.
3. 7;& = 7E)isc'
4. 7%( = ﬂnd-

Prove that if f, g : (X, Tx) — (Y, Ty) are continuous functions and (Y, Ty)

is Hausdorff, then the following hold:
1. A={z e X: f(z) = g(x)} is closed in X.
2. I'y ={(z, f(x)) : € X} is closed in X x Y.

o
m Prove that every homeomorphism is an open and closed map.
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