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Solution of Series 5 (Topological Spaces) I

Indication 1: Int(A) is the largest open set contained in A.

Indication 2: CI(A) is the smallest closed set containing A.

Let X = {172;374}7 T = {®7Xa {3}9{4}7{3a4}7{173’4}7{2’3’4}} and

A={1,3},B={2,4} C X

1. €D We have X, () € T by definition.
€ Tt is clear that that any union of elements of T is an element of T
€3 Tt is clear that any finite intersection of elements of T is an element of T

From (¢y), € and (€3) we conclude that (X, 7) is a topological space.

2. o N(1)={X, {1,3,4}}.

o N(2)={X,{2,3,4}}).

o N(3)={X {3},{1,3},{2,3},{3,4},{1,3,4},{1,2,3},{2,3,4} }.

o N(4)={X,{4},{1.4},{2,4},{3,4},{1,3,4}, {1,2,4},{2.,3,4}}.
3. e Cl(A) =CI({1,3}) = {1,2,3}.

o CU(B) = CI({2,4}) = {1,2,4}.

o Int(A) = Int({1,3}) = {3.

o Int(B) = Int({2,4}) = {4}.

o A'={1,3) ={1,2}.

o B'={2,4) ={1,2}.



4. e O(A) = CU(A)\ Int(A) = {1,2,3}\ {3} = {1,2]}.

d(B) = CI(B) \ Int(B) = {1,2,4} \ {4} = {1,2}.
o Ext(A) =CxCl(A) = {4}.

o Ext(B) = CxCI(B) = {3}.
5. e Is(A) = {3} and e Is(B) = {4}.

6. o Ta={AN0:0€eT}={0 A {3}}
o T5={BNO:0eT}=1{0B {4}

7. For all N € N(1) and W € N(2) we have NNW # (. Then, (X,7) is not a
Hausdorff (separated) topological space.

Exercise 2:

Toos = {O € X : CxO is finite} U {0}
1. Let us show that the family 7¢,y is a topology on X.

@ By definition, () € T¢,;. Moreover, since CxX = ) (a finite set), we conclude
that X € 760}0.

€ Let {O; :i € I} be a family of subsets in Toor. Then, for each i € 1, CxO;
is a finite set. Thus,
Cx (U Oi) = (Cx0)),
el el
is finite, as it is the intersection of finite sets. Therefore, | JO; € Tcof.
i€l

€3 Let {O; : i =1,2,...,n} be a finite family of subsets in 7¢,¢. Then, for
each i =1,2,...,n, CxO; is finite. Thus,

Cx (Q oi) ~ 1 (6:0)

=1

n
is finite, as it is the finite union of finite sets. Therefore, (O, € Tcos-
i=1

From €y, € and €3 we conclude that (X, Tcor) is a topological space.

2. The closed sets of X are the complements of the open sets. Therefore, the closed

sets in T¢o,p are the finite subsets of X or X itself.



3. If A is finite.
e Cl(A) = A because A is closed.
e /nt(A) = () Because it is the only open set contained in A (the other open sets

are infinite).

o 9(A) = CI(A)\ Int(A) = A\ 0 = A.

4. 1f A is infinite.
e Cl(A) = X Because it is the smallest closed set containing A.
o Int(A) = Aif Cx A is finite and Int(A) = 0 if Cx A is infinite( Indeed, if Int(A) # 0,
then there exists some x € Int(A), which implies the existence of an open set
O, € Tcof such that z € O, C A. Consequently, we would have CxA c CxO,,
contradicting the fact that CxA is infinite (since CxO, is finite by the definition)
e 0(A) = CI(A) \ Int(A) = X\ A if CxA is finite.
e 0(A) = ClI(A) \ Int(A) = X\ 0 = X if [x A is infinite.

T={f1(G): G T}

Let us show that 7 is a topology on X.
@ Since 0, Y € Ty, we deduce that § = f71(0), X=f"YY)eT.
© Let {O; : i € I} be a family of subsetsin 7. Then, for each i € I there exists G; € T
such that O; = f~1(G;). Thus,

Joi=Jr'G)=¢" (U GZ) .

i€l iel icl
Since Ty is topology on Y, we obtain .UGi € Ty. Therefore, UOZ- eT.
€ Let {O;:1=1,2,...,n} be a fanlleilly of subsets in 7. Tlﬁén, for each : = 1,2,...,n
there exists G; € T such that O; = f~(G;). Thus,

ﬁOi = ﬁfl(Gi) =f! (ﬁGz) .

Since Ty is topology on Y, we obtain ﬂ G; € Ty. Therefore, ﬂO eT.
From €y, € and €3 we conclude that (X T)is a topologlcal space

Let (X,7) be a topological space and A, B two subsets of X. Prove that:

1. Let A be an open subset of X with A C B. If z € A, then A € N(z). Since A C B,
it follows that B € N (x) which implies = € Int(B). Therefore, A C Int(B).
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. Let AC B. If z € Int(A), then A € N(x). Since A C B, it follows that B € N (x)
which implies « € Int(B). Therefore, int(A) C Int(B).

. Onone hand, if # € Int(A), then Int(A) € N (x) which implies that z € Int(Int(A)).
Therefore,

Int(A) C Int(Int(A)). (i)
On the other hand

Int(Int(A)) C Int(A). (by definition). (id)
From (i) and (ii) we conclude that Int(A) = Int(Int(A)).

. On one hand, we have

{ ANBCA { Int(AN B) C Int(A) .
= = Int(ANB) C Int(A)NInt(B). (i)
ANBCB Int(AN B) C Int(B)

On the other hand we have

N

{ e = Int(A)NInt()B) C ANB

A
Int(A)NInt(B) C Int(B) € B

N

from which we conclude that
Int(A)N Int()B) C Int(AN B) (ii)

From (7) and (ii) we conclude that Int(AN B) = Int(A) N Int(B).

. We have,

= Int(A)U Int()B) C AU B = Int(A) U Int(B) C Int(AU B).

. We have,

AeN(B) < 3J0€T,BCOCA

<= B C Int(A).



7. We have,

10.

11.

v € Int(CxA) <= CxA < N(z)
— 30,€T, z€0, clxA
<— 30,€T,O0,.NA=10
— 2 ¢ Cl(A)
«— 1z ¢e(xCI(A)

According to (7), we have Int (CXCXA) = CxC1 (EXA). Then, Int(A) = CxClI (CXA)
which shows that CxInt(A) = Cl (CxA).

We have, 9(A) = CI(A)NCl (CxA). Then, O(A) is closed because it is the intersec-

tion of two closed sets.
=) A is clopen set => 9(A) = Cl(A) \ Int(A) = AN A= 0.
=)
0(A)=0 = 09(A) =Cl(A) N Int(A) =0
—  ClUA)=Tnt(A)

—> A s aclopen set.

Aisopen (= 0(A)=CIl(A) N Int(A) =CIl(A) N A
— J(A)NA=0.

(CLA) NCx(IntA) NA =0

Cx(IntA) N A=0. (because CI(A)N A ()
A C CxCxIntA

A C IntA

A = Int(A)

el

A is an open set.

12. =)

Aisclosed = 0(A)=CIl(A) \ Int(A) = A~ Int(A)
— 0A C A.
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QAC A = Cl(A)~ Int(A) C A
= Cl(A) C A (because Int(A) C A)
— Cl(A) =
= CI(A) is a closed set.

Exercise 5:

—) Suppose that T C T'. Let z € B € B C T. Then x € B € T’ because T C T,

hence x € B= |J B’. Therefore, there exists B’ € B’ such that B’ C B.
Blew

<) Let O € 7. On the one hand, for all z € O, there exists B &€ 9B such that
x € B C O. But by hypothesis, there exists B’ € 8’ such that '€ B’ C B. Hence,
for all x € O, there exists B’ € B’ such that x € B’ C O, which implies
) B co (i)
B'e®’
On the other hand,
o=|Jtc | B (ii)

€0 B'e®B’

Finally, from (i) and (i), we conelude that O = |J B’, and therefore O € T".
BlEW

Exercise 6:

1. Let (X,7x) = (Y, 7y) and f(z) = z. Then, for any open set O € Ty = Tx, we have
fYO) =0 € T, since f~1(O) = O by definition of f. Therefore, the preimage of

an open set is an open set, implying that f is continuous.

2. Let f be a constant function. Then, for each x € X, we have f(z) =k € Y. This
implies that
f0)=0, ifk¢O,
Y 0)=X, ifkeoO,

for each O € Ty. Therefore, f~1(0) € Tx, implying that f is continuous.

3. Let Tx = Tpise- Then, f~1(O) € Tx for each O € Ty, since every subset in the

discrete topology is open. Thus, f is continuous.



4. Let Ty = Tma = {0,Y}. Then we have f~'(0) = 0 € Tx and f~1(Y) = X € Tx.

Therefore, f is continuous.

Exercise 7:

1. It suffices to show that CxA is open in X.

Let b € CxA. Then f(b) # g(b), and since Y is Hausdorff, there exist two open sets
01,0, € Ty such that f(b) € Oy, g(b) € Oy, and O; N Oy = 0. Thus, b € f~1(O;)N
g7 1(0y) € Tx because f and g are continuous and O;,0, € Ty. Furthermore,
f~Y01) N g1 (0,) c CxA, which shows that Cx A is open. Therefore, A is closed.

It suffices to show that EXXYFf is open in X x Y.

Let (x,y) € Cxxy['y. Then (z,y) ¢ Ty, and thus y # f(x). Since Y is Hausdorff,
there exist two open sets Oy, Os € Ty such that f(z) € Oy, y € O, and O1NOy = ().
Since f is continuous, z € O3 = f~1(0;) € Tx. Hence, (z;4) € O3 x Oy C EXXYFf,

which shows that Cxyy T ¢ is open. Therefore, I'; is closed.

Let f: (X, Tx) — (Y, Ty) an homeomorphism

1.

Is f open?
Let O € Tx and g = f~'. Then g7'(0) = f(O), which is open since g = f~" is

continuous. Therefore, f is an open map.

Is f closed?
Let F € Tx and g = f~'. Then ¢ !'(F) = f(F), which is closed since g = f~! is

continuous. Therefore, f is a closed map.
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