
Final Exam in Topology for Second-Year LMD Mathematics Students
(2024/2025)

Group: Last Name: First Name:

Exercise 1 (7.5 pts):
Let (X,TX) be a topological space and A ⊂X. Complete the following

expressions:

1. Any member of TX is called ..............................................................................................

2. The topology induced by Euclidean metric on R is called ................................................

3. The topological space in which all the subsets of X are clopen is called ...........................

4. If Int
(
∁XA

)
= ∁XA, then A is ....................................................................(open/closed).

5. The topology in which every finite sets are closed is called ...............................................

6. If Cl (A) = X, then A is .....................................................................................................

7. If A is a neighborhood of each of its points, then A is .....................................................

8. The largest open set contained in A is called ....................................................................

9. The set which is the intersection of Cl(A) and Cl
(
∁XA

)
is called ....................................

10. The intersection of all closed sets containing A is called....................................................

Exercise 2 (8.5 pts):

1. Recall the definition of a metric space.

2. Let d : R2 ×R2 −→ R be a function defined by:

d((x1,y1),(x2,y2)) = |x1 −x2|+ |y1 −y2|.

(a) Prove that d is indeed a metric.
(b) Provide an example of an open ball of radius 1 centered at (0,0) for this metric.

3. Prove that every metric space is a topological space.
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Exercise 3 (4pts):

1. Recall the definition of a complete metric space.

2. Show that every complete subset in a metric space (X,dX) is closed.
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Exercise 1 (7.5 pts):

expressions:
Let (X,7x) b. a topological space and A C X. Complete the following

1.Anymemberof75isca1}ed'op*,.@r1--ise.k..'......@
2. The topoiogy induced by Euclidean metric on lR. is ca11ed ............usuai toirologr .6n,
3. The topological space in which all the subsets of X are clopen is called discrete tupri[i.a r@

space.

If Int(C"a) : f,xA, then A is ..........,c1osecl......

Tlre topclcgv in v,rhich every finite sets are closed is callecl .............cofirrite toVnlnev..61i9

If A is a neighborhood of each of its poinis, tiren A is .....................open.

The iargest open set containe<i in A is calied . ......interior of A.........

The set which is the intersection of CJ(A) and Cl (CnA) is calle<l .......bormd.r;t 
^ 6fl

The intersection of all ciosed sets containing A is callecl................closure 
"t ^ @

Exercise 2 (8.5 pts):

1. Recall the definition of a metric space:

4.

5.

(-, '

7.

8.

u

10.
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{
Definition \. A metric str)ace'is a pai,r (X,rr), where X zs a set and d:X x X -+ IR is

a function, called a metric, that sati,sfies th,e fallowi,ng properl;ies for allr,y,,z €X:

(a) Non-negati,ui,ty: d,(*,y) ) 0, a7rrl d{*,y): Q 44 r: U. @
(b) Sgrnmetry: d(*,y):d(y,fi @ .-
(c) Triangle inequali,ty: d,(r, z) I d,(r,y) + d,(a, z){ o,\.

2. Let d : IR.2 x R.2 --+ R. be a function defined kry:

d((q,ar), (rz,yz)) : l*r - *zl + lg,r - Azl.

Prove ttrat d" is a metric on lR.2:

We need to check the three properties of a metric:

i. Non-negativity:

lq-r2l> a and lw-azl>a + d((*t,ur),(r2,az)):l*r-*zl+lw-azl> 0.

N":T;"'',#";i!'Ji'&:Q 
44 t*t-*zt:o 

@ 
tw-azt:0 +

ii. Symmetry:

,,, 1:::l:' :ff31 ;';,' 
- " 

" 
+ ta'l - a zt : t.' -@ taz - a'tt : d((* z'vtt\' ur ) )

LeL z: (r3,g/e). W* harre:

d((*t,Ut),(r3,yz)) : l*t - *zl+lAr - rrl @

(u)

the triangle inequality for absolute values:

'*t - rzl < lrt - r2l+lr2- ql and lat - ytl < lw - yzl + 1az - azl. 09
Adding these inequalities gives:

d(t t, yr), (r z,iy: ) ) S d((* r, U t.), {r 2, az)) + d((* r, az), (r3, rr} @
Therefore, d satisfles all the properties of a metric.

(b) Give an exarnple of an open ball of radius 1 centered at (0,0) for this
metric:
An open ball of radius 1 centered at (0,0) is defined as:

B((0,0),1) : {{*,s)e lR2 : d((0,0) ,(*,a)). U (ry
Using the definition of d((0,0), (",A)): lrlt lyl, the open ball becomes:

B((0,0), 1) : {(*,y)e IR2 : lrl + lyl . ,i @
This represents a diamond-shaped region in the plane, bounded by the lines:

r*y:1, fi -U:1, -rly:1, -fi-y -- 1.



3. Prove that every metric space is a topological space:
Givenametric space (X,d), wb can define atopology onXasfoliows: - Asubset trcX
is open if for every r €(J, there exists e ) 0 such that the open ball B(r,e): {y e X:
d,(:r:,y) < e) is contained in [/.

Proof: 
_\

(a) The empty set and X are open: (r,()
The empty se[ contains no points, jry{he condition is satisfied\r'f,cuouslv. For X,
every point r € X has B(r,e) c X. (o,\ /

(b) Artritrary unions of open ..t" h/op..,,
Let {t/*}"er be a family of open sets. If * a 

Hrr*, 
then r e U*, for sorrqro€ 1

Since [/oo is open) there exists e ] 0 such that d(r,e) c Uoo , #rr*. @69
(c) Finite intersections of open sets are open;

Let U1,flz,.- . ,tln be open sets. If r € ff-Un, then for each 'i, there exists er > 0,quch
i,:l

that B(r,ei) e tl,i. Let e : min{e1, €2t...,er,}. Then B(r,e) e .fi.rn @ Wi,:L

Thus, the topology defined by the metric satisfies the axioms of a topoiogical space.

Hence, every metric space is a topological space.

Exercise 3 ( pts):

1. Recall the definition of a cornplete rnetric space.

{
Definition 2. A metri,c space (X, d) i.s sai.d to be complete i,f euery Cauchy sequence

in (X, d) conuerges to a li,mi,t that i,s also i,n X.

2. Show that every complete subset in a f"@ic space (X,dx) is closed.

Let A be a complete subsg#qf X, and let r e Wg;. Then there exists a sequence (r*) of
elements in A such that r,$JA r (see Proposition (2.a)). Since (r,) is a CauchyF€Eqence
in A, and A is complete, it follows that r €,4. This shows that A is closed. ty
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