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Exercise 1 (7.5 pts):'
Let (X, 7Tx) be a topological space and A C X. Complete the following
expressions:

1. Any member of Tx 1S called .......oooiiiiiiiii e
2. The topology induced by Euclidean metric on R is called ..........ccccoooiiiiiiiiiiini,
3. The topological space in which all the subsets of X are clopen is called ...........................
4. If Int (CXA> =Cx A, then A 8 ..o, (open/closed).
5. The topology in which every finite sets are closed is called ............ccccccoiiiiiiiiiiiiiiinnn,
6. If CL(A) =X, themn A IS ooiiiiiiii et
7. If A is a neighborhood of each of its points, then A is ........ccccoooii,
8. The largest open set contained in A is called ...........ccccoiiiiiiiiiiiii
9. The set which is the intersection of Cl(A) and CI (CXA) is called ...

10. The intersection of all closed sets containing A is called.............cccocooiiiiiiiiiin,

Exercise 2 (8.5 pts):

|

1. Recall the definition of a metric space.

2. Let d:R? xR? — R be a function defined by:

d((z1,91), (w2, y2)) = w1 = T2 + [y1 — 2.

(a) Prove that d is indeed a metric.

(b) Provide an example of an open ball of radius 1 centered at (0,0) for this metric.

3. Prove that every metric space is a topological space.



Exercise 3 (4pts):'

1. Recall the definition of a complete metric space.

2. Show that every complete subset in a metric space (X,dx) is closed.
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Group: Last Name: First Name:

Exercise 1 (7.5 pts): I
Let (X, 7x) be a topological space and A C X. Complete the following

expressions:
1. Any member of Tx is called ................. open | %)a 1 Sef
2. The topology induced by Euclidean metric on R is called ............ usual topology.. O
3. The topological space in which all the subsets of X are clopen is called discrete tthmml&)
space.
4. If Int ( ) OgA, then A is ......cocclosed. e ovsnns. NTR—— % 3
5. The topology in which every finite sets are closed is called ............. cofinite topology..{9.
6. f Cl(A)=X, then Ais ccoovrviiiiiinnnn. dense in Xeooooevvereemieeieereeneenee e @ .....
7. If A is a neighborhood of each of its points, then Ais ......cccccceeeeee. 30 . y +()
8. The largest open set contained in A iscalled ...............eeovee. interior of A.........{@,.%{. J........

9,
10.

o

The set which is the intersection of Cl(A) and Cl (CXA) is called ....... boundary of A. 'U;?(

The intersection of all closed sets containing A is called................ closure of 3&

|Exercise 2 (8.5 pts):I

1.

Recall the definition of a metric space:



Definition 1. A metric space is a pair (X,d), where X is a set and d: X x X — R s
a function, called a metric, that satisfies the following properties for all x,y,z € X:
(a) Non-negativity: d(xz,y) >0, and d(z,y) =0 <= z =1y. 07@
(b) Symmetry: d(z,y) = d(y, ). @ ,
{c) Tma'n,gle znequalzty d( ,/,) < d(z, y)+d(y, )(/{,f

2. Let d:R? xR? — R be a function defined by:
d((z1,91), (x2,92)) = |21 — w2| + |y1 — 12l.
(a) Prove that d is a metric on R?:

We need to check the three properties of a metric:

i. Non-negativity:

1= 20 and =l 20 = dGon), aae) = o1~ i =l 20
Moreover, d((z1,y1), (x2, y/_l\ )=0 < |21 —22| =0 ‘ ly1i—12| =0 =
r1=z9 and Y =1yo. 9‘ on)

ii. Symmetry:

d((z1,91), (%2, 42)) = |21 — 22| +|y1 — 92| = Iﬂﬁz—ﬂzléqﬂyzu 1= d((:fz,yz),»(ﬁﬁzﬂ))
¢

2 Q)

iii. Triangle inequality:
Let z = (x3,y3). We have:

d((1,91), (w3,33)) = 1z1—x31+;y1_y3\.@

Using the triangle inequality for absolute values:
N\

OV V) — 23| < |21 — T2| + |z2 — 23] and ly1—y3$Slm—mlﬂm—yzi-@

Adding these inequalities gives:
L

d((z1,91), (73,93)) < d((21,91), (22,92)) +d((22,y2), (23,Y3))- @/l

Therefore, d satisfies all the properties of a metric.

(b) Give an example of an open ball of radius 1 centered at (0,0) for this
metric:

An open ball of radius 1 centered at (0,0) is defined as:
B((0,0),1) = {(z,y) € R*: d((0,0), (z,9)) < 1}.

Using the definition of d((0,0),(z,y)) = |z|+ |y|, the open ball becomes:
B((0,0),1) = {(z,y) € R?: [a| +]y| < 1}. ;‘?\)
This represents a diamond-shaped region in the plane, bounded by the lines:
z+y=1, z-—y=1, —z+y=1, —z-y=L
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3. Prove that every metric space is a topological space:
Given a metric space (X,d), we can define a topology on X as follows: - A subset U C X
is open if for every x € U, there exists € > 0 such that the open ball B(z,¢) = {y € X:
d(x,y) < €} is contained in U.
Proof:

'»;:\"\
(a) The empty set and X are open: . ( /2
The empty set contains no points, soa,the condition is satisfied“vacuously. For X,

every point z € X has B(x,e) CX.

(b) Arbitrary unions of open sets are open:
Let {Ua}acr be a family of open sets. If z € U U,, then z € Uy, for some ao € 1.
acl A f \
Since Uy, is open, there exists € > 0 such that B(z,¢) C Uy, € U Us. @{ o)
acl

(c) Finite intersections of open sets B D

Let Uy, Us,...,U, be open sets. If z € ﬂ U;, then for each 1, there exists eZ >0 Such

Z_

that B(z,¢;) CU;. Let e =min{ey,€2,...,6,}. Then B(z,¢€) C ﬂ U;. {/@’&"\/ L‘

Thus, the topology defined by the metric satisfies the axioms of a topological space.
Hence, every metric space is a topological space.

Exercise 3 (4pts)

[

1. Recall the definition of a complete metric space.

—
4 @

/
Definition 2. A metric space (X,d) is said to be complete if every Cauchy sequence
in (X,d) converges to a limit that is also in X.

2. Show that every complete subset in a @ic space (X,dx) is closed.
y

Let A be a complete bubsetﬁ&f X, and let z € Ct(A). Then there exists a sequence (x,,) of
elements in A such that z z (see Proposition (2.4)). Since (z,) is a Cauchy seguence
in A, and A is complete, 1‘5 follows that z € A. This shows that A is closed. 0;@1)
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