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Solution of series 7: Connected Spaces'

m Let f: X — Y be a continuous function. We prove the following contra-

positive statement:

If £(X) is disconnected, then X is disconnected.

Suppose that f(X) is disconnected. Then there exists a non-empty clopen subset
G C f(X). Since f is continuous, the non-empty preimage f~!(G) is clopen in X and
/~H@G) # X, which shows that X is disconnected.

Since we have proven the contrapositive; it follows that if X is connected, then f(X)

must also be connected.

m Let (X,d) be a metric space. Suppose that f : X — R is a continuous

function such that |f(z)] = 1 for all x € X. We prove the following contrapositive
statement:

If f is not constant, then X is disconnected.

If f is not constant, then its image is

F(%) = {11},

This implies that
X=/f"({-1hHu {1}

Since f is continuous, the preimages f~!({—1}) and f~({1}) are closed in X.
Moreover, these two sets are disjoint and non-empty, forming a partition of X into two

disjoint closed sets. This shows that X is not connected.



Since we have proven the contrapositive, it follows that if X is connected, then f must

be constant.

m Suppose that X is path-connected and that g : X — {0, 1} is a continuous

function. If ¢ is not constant, then there exist points x1,zs € X such that g(z;) = 0 and

g(xe) =1. Let f:[0,1] = X be a path in X such that
f(0)==2z; and f(1)=xs.

Then the composition go f :[0,1] — {0, 1} is continuous and surjective.
However, the interval [0,1] is connected, while {0,1} is a disconnected space. This
contradicts the fact that a continuous image of a connected space must also be connected.
Thus, our initial assumption that ¢ is not constant must be false, which means that ¢

must be constant. Then, X is connected.
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Moreover, since f(2t) and g(2t — 1) are compositions of continuous functions, they are
themselves continuous, which implies that h is also continuous. Then, the function A is a

path from z to z in X.
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g(x) = f(xz) — x. Then, g is continuous, and we have g(a) > 0 and g(b) < 0. Thus, by

the intermediate value theorem, there exists ¢ € (a, b) such that g(c) = 0, or equivalently,
fle) =c
Let y1,y2 € Y. Since f is surjective, there exist x1,z5 € X such that

f(z1) = y1 and f(z2) =ys. Let g : [0,1] — X be a continuous path in X from z; to zs.
Then, the composition fog:[0,1] — Y is a continuous path in Y from y; to yo. Thus,
Y is path-connected.

LEM Suppose that f, g are two arbitrary elements of C([0,1]). We define a
path i : [0,1] — C(][0,1]) by

h(t)=1tf+ (1 —1t)g.
Then, for each t € [0, 1], the function A(t) is continuous, hence it belongs to C([0, 1]).

Moreover, the function A is continuous since

doo((t), h(s)) = sup [(t —s)f(x) + (s — t)g(x)| < |t — s[(My + M,),

z€[0,1]



where |f(z)] < My and |g(z)| < M, for all z € [0, 1].

€
For any € > 0, setting 6 = ————, we obtain
Y 507 M+ M,

doo(h(t),h(s)) < e whenever [t —s| <.

Finally, since h(0) = g and h(1) = f, the function h is a continuous path in C([0, 1]) from
g to f. Thus, C([0,1]) is path-connected and therefore connected.

Consider the continuous function f : AU B — {0, 1} with the discrete

metric. Since A and B are connected, the restrictions fl4 = ¢4 : A — {0,1} and
fls = ¢g : B — {0,1} are constant and take the value 0 or 1. Let f|s(z) = ca, Vx € A
and f|p(z) = ¢p,Vx € B.

Note that the closure Cl(A) is also connected, since A is connected and f(CI(A)) =
{ca}. Let b € Cl(A)N B, then f(b) = ca = cp. Thus, f(AUB) = ¢4 = ¢p, which implies
that f is constant on A U B, proving that A U B is connected.
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