Model answer key for exercise setnNo.3, Maths1

Solution to exercise 1:

a 1. For every = # 0, we have :

: 1‘
xsin —| = |x]
x

Sin—’ < |z]
x
Lett € > 0, so there exists n = € such as

x| <n =

.1
xsm—‘ <|z| <e.
x

1
2. If M > 0, we choose 17 = —— such as if

VM

1
O<lz—-1l<n= —F=5>M.
(z —1)

3. For all |z| < 1, we have :|z (2% + 1)| < |23| + |2] < |z| + |2] = 2 |=].

Let € > 0, if we take n = inf {1, %}’ SO

[z <=z (z+1)] <e
4. Since x — lwe can assume that |z — 1| < 1 = 0 < 2 < 2 therefore |z + 2| > 2,0n

2
the other hand if M > 0 we choose 1 = inf {1, M} such as if |z — 1| < 1, we have :

2
|f(z)] > 1| > M.

1 1 1
5. Let € >0, we find f(z) = — < e for 2* > = that’s to say |z| > —=, so it is enough
T €

e

to take .
M=—.
Ve
6. Let € > 0, we have :
2 2 1 2
1 —2:—1<e:>exp{—}>——1.
1—|—exp{——} 1+exp{—} v ‘
x x

If0<e< 2, wehave 0 < x <

1

n=—"~
2
ln(——1>
€
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2
1
1+exp{—}
x

20* — 62° + 22 + 3 (x —1) (22® — 42% — 32 — 3)
r—1 r—1
= 20% —42* -3 -3

If € > 2 any value of ) will satisfy the requirement (because ... < 2)

7. We have for all x # 1:

Since z — 1, we can assume that |z — 1| < 1, therefore 0 < z < 2, Consequently

20t — 62 + 22+ 3
r—1

—1—8‘ = [22° —42® — 3z + 5| = |z — 1] |22® — 22 — 5]
< e —1] (2|2 + 2]z +5) < 17|z — 1

Lett € > 0, then there exists n = inf {1, %} such that

20* — 623 + 22 + 3
|l —1] <n= +8| <e
z—1
1 2
lim =1.F
=11 —x 1 — 22
) 1 2 ) (1+2z)—2 ) x—1 ) 1
1. lim — = lim = lim = lim =
e=0l—2 (1—2)(1+2z) +2-1(1—-2)(14+2z) +—1(1—2)(1+z) =114z
1
2
2. We have
" —a"=(z—a)(z" " +ar" P+ . +a" Pz +a"t)
SO . .
limx ¢ _ A"t ad" a4+ d T = et
r—a T — Q
3. We have .
sin mx
02 _ My
z—0 SIN NT n x—0 SINNT n
nT
4. We have
1
= In (1 + —)
1 T
(1—1——) —exp{xln(1+—>}—exp 1
T
T
So
1\* In (1 In (1
lim (1 + —) = lim exp {M} =e (limM =1) Dr L.Derbal
r—400 €T y—0 Yy y—0 Y



5. We have

(x_2>:(1 | )””_ ((1_5)11)4

T+ 2 T +2

or — =

th
y x+2 o

n\*
lim ( > lim y =t
r—-+00

T +2 Yyt o0 (1 1)2
y

a®*—1 (exp{zrlna} —1)
x T

6. We have

Let us set y = xlna, we find

T _ Yy _ T __ Yy _
a4 1 = 1lna:> lim (a 1> = Inalim <:> =lna

€x Yy x—0 €x z—0 Yy

7. We have
sin <\/x——i—1> — sin (\/E) = 2sin (\/x—JFQ_ ﬁ) cos \/x—%jL \/E,

then
0< sin(x/x+1>—sin(\/5)’§2 sin L < L
2(Vr+1+/x) Vi+1+z
1
because ———— is verry small). Or
( Vi+1+4+x Y )

1
lim ———= =0
z—too/x + 14 /1

we conclude that

8.
l—1<F}§1 :>1—x<x[— <1
T T T T
= lim (1 —z) < limz |—| <1
r— x—0 x
1
:>1<lim:c[— §1:>1imx{—}:1
z—0 €T z—0 T
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tan 2x 2z

c 1. We know that tan 2x ~ 2z In the neighborhood of 0, therefore hII(l) = lign — =2
r— €T r— X

1 1
2. We know that 1 — cosz ~ —22 1 — cos2x ~ 5(2x)2, and tanz ~ x in the

neighborhood of 0, therefore

1 1 5
2 2 2
. 2—-cosx — cos2z z + 5 (22) . §x 5
lim 5 =lim&—% — =]lim &£ = —.
2—0 tan® 20 x2 rz—0 2 2

3. In(1 + x) ~ x, therefore
In[14+Inl+z]~In(l+x)

and we have

In (1
Inz.In[l+Inl+2z] ~ lnx.ln(1+x):(x1nx)_u
x
In (1
= lim Inz.In[1+Inl+2z] = lim (:clnx).—n( ) = 0.
z—07+ z—0t X

Corrigé d’exercice 2:

a The function is clearly continuous on |1, +oo[ and on |—oo, 1[. For f it is necessary and
sufficient that f has a right-hand limit and a left-hand limit at 1, and that these limits
are equal. But we have ...

lim f(z) = asin(z) = a but lim f(z) = a®

z—1t 2 z—1—
The function f is therefore continuous at 1 if and only if a? = a , that is, if and only
ifa=1ora=0.

b We do the same thing, but this time we need to study the right-hand and left-hand
continuity at 0 and at 1, the function g being clearly continuous on |—oo, 0[, on]0, 1]
and on ]1, +oo[. On the one hand, we have

lim g(z) = 1 and lim g(x) = o + .

z—0~ r—0t

On the other hand, we have

lim g(x) = ae™ ' + Bet + (61 — 6_1) and lim g(z) = e'.

r—1~ r—1+

The function ¢ is continuous if and only if the triplet («, 3,7) satisfies the following

system:
a+pf=1
ae t + el +y (el —e) =€l
We solve this system, for example by removing e !L;from L,. We find the equivalent
system:
a+p=1
Ble' —e ) +7(et —e ) =€l —eh DrL.Derbal
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We can simplify by e! — e~ ! in the second equation and we find

_ =7
{giﬁ:i ©{ B=1-1
T v eR

The set of triplets for which the function g is continuous is therefore given by
{(0,1,0) 47 (1,—1,1) : 7 € R}

Solution to exercise 3:
Factor the denominator:
P +1=(x+1)("—z+1),

for x # —1, we can simplify:

Compute the limit as v — —1

lim f(z) = lim =
x—>—1f( ) z——132 — g +1 (_1)2 —(=1)+1

1
3

1
Since the limit exists and equals 3 f can be extended continuously by defining

—_ x# —1
~ 3 Y
fla)=q §+!
=, r=—1
3
The value taken at x = —1 by the continuous extension is 3

Solution to exercise 4:
1. f(z) = sin— : The domain of definition is R*, f is the composition of two continuous
x

functions on R*,:

1 .
rT—Y=— y — siny
T

therefore f is continuous on R*.
Let’s show that f has no limit as + — 0. Let(z,) and (2,), n € N* be the two sequences
defined by

1
T, = — and z), = ——
nm 2nm + —
2
We have
lim z, = lim z/, =0.
n—-400 n—-—4o00
Moreover,
f(z,)=0and f(2))=1#0 Vne N = hI_P f(z,)=0#1= lirll f () Dr L.Derbal
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Thus, we have found two sequences (z,) and (/) that converge to the same limit, such that
the limits of f (z,) and f (z]) are different. Therefore, f does not have a limit as  — 0,
and it does not admit a continuous extension at 0.

2. f(x) = zsin— : The domain of definition is R*, f is continuous on R* (composed of
T

continuous functions). On the other hand,

. o1 . 1
lim zsin— = lim zsin— =0
z—0t xT z—0— xT

Therefore, f admits a continuous extension at x = 0. If f is the extended function, we have

1
Flz) = x sin - it x#0
0 if =0

lim f(x) =1%# lim f(z) =—1

z—0t z—0~

Therefore, f does not admit a continuous extension at = = 0.

rsinz
4. f(x) = T eoss ' f is defined on R— {2k}, where k € Z , and continuous on its domain
— cosx
of definition (as the quotient of two continuous functions with 1 — cosz # 0). Consequently,
o s x x
. - sin . zsin 5 cos 5 _ Teosg
lim ——— = lim 7 7 = lim T
z—2kr 1 — COS T r—2kT 2sin = sin = r—2kT sin =
22
We distinguish two cases:
Casel: k=0
x x
x COS — x COS —
lim = lim - = 2.
z—0t sin = =07 gip =
2 2

Therefore, f admits a continuous extension at x = 0.
Case 2: k#0, ke Z

T
by g [+ if k>0

et
T

by S5 [ oo if B0
o oo if k<0

T
z—(2k7)” gin 5

Thus, f does not admit a continuous extension at x = 2k.
Solution to exercise 5:

3
1 Existence and uniqueness of a solution on [g, 771 : Dr L.Derbal
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3
a) The function f (z) = xsinz+cosx is continuous on all of R and in particular on {g, g} .
Evaluate f at the endpoints

F(5) = g (g) res(3) =5 >0
f37r o 3m 37r+ 37r737r<0
5 = S sin| 5 cos | 5 | =5 .
Since f changes sign on the interval, the Intermediate Value Theorem guarantees that there

2
b) Prove that the solution is unique. Compute the derivative:

) ) T 3T
exists at least one solution o € } [

f'(z) =xcosz <0

3
On the interval } g, g [.Therefore, f is strictly decreasing. Thus, the solution is unique.

5
2 Prove that % <o <.

5T 571 /3
6) 55" 5 0.443 > 0 and f () <0

Since f is strictly decreasing, it crosses zero exactly once, and it must do so between
these two values.

We have f (

Thus%r<a<7r.

Solution of exercise 6:

Define the function ¢ : [a,b] — R by g (x) = f (x) — pf(a) + qf(b)

P+q
We want to show that g(c) = 0 for some ¢ € [a,b]. Infact

_pfla) +4f(®) _ q[f(a) = f(b)] q

gla) = fl(a) PR —— =p+q[f(a)—f(b)]
B _pfl@+af) _plfO) = flA] _  p oy
gb) = f(b) I p+q[f() f(0)]

So g (a) and g (b) have opposite signs (or at least one is zero).

o If f(a) = f(b), then g(a) = g(b)and any ¢ € [a, b] verified.

e Otherwise, g(a) < ¢g(b) Since f is continuous on [a,b], g is also continuous. By the
Intermediate Value Theorem, there exists ¢ € [a, b] such that

_ _ pfla) +af()
o0)=0 = flo) =R

p
= (p+q) f(¢) =pfla) +qf(b)
Solution to exercise 7: a) The function is 27-periodic and differentiable on R. For every

a € R, we have f(a) = f(a+ 27), and Rolle’s theorem shows the existence of a real number
¢ € la,a+ 2w[such as [’ (c¢) = 0. Dr L.Derbal



b) Apply MVT to f (t) = arctant on [z,2z] :

!/
. By MVT, there exists ¢ € |z, 2x[ such that:

arctan 2z — arctanx = [’ (c) (22 — x) = %, for some ¢ € |z, 2]
c

e Since z <c<2x,wehave 22 +1<c®+1<42®+1

1
e Taking reciprocals (inequality reverses because the function ¢ — n is decreasing for ¢ > 0):

1 < 1 - 1
1+422 14+ 1+ 22

Multiply through by z > 0
x x x

< <
1+422 14+ 1+ 22

x
But arctan 2z — arctanz = ——, so finally we get:
1+ c?
< arctan?2 tanz < ——
—— < arctan 2x — arctan x
1+ 422 1+ a2

Solution of ExerciseS8.

Let us compute, with the aim of applying Leibniz’s formula, the successive derivatives of the
functions

u and v defined by u (z) = 22 and v () = In z.We have v/(z) = 2x, v (x )—2 then u*) =0
for all k > 3. We also have, for all n > 1,0 (z) = (=1)""" (n — 1)lz™™ (this can be shown
by induction). According to Leibniz’s formula, we have

1
f(z) = Cfﬁ—%—Cfolnxzx—i—lenx.
1 1
f"(z) = CYx 2( )+6’12:c +C2Inz =2Inz + 3.
x?
Then, for n > 3,

fP @) = C%? ()" (n—Dla™) + C2x (—1)" * (n = 2)la ™) + C22 ((=1)"° (n — 3)lz™"*?)
= (-D)" (=Dl 4 (=) 2 (n— )2 4 (=1)" P n(n—1) (n — 3)lz"H?

= (—1)" ‘a +2((” DI =2n(n =21 +n(n—1)(n—3)!

)l

e )

B (—1)“‘1 (n—1)! 2
an—2 (n—1)(n—2)
2(-=1)"""(n —3)!
- zn—2 ’
1 1 —
Solution of Exercise9. a) chz+shz = - _ che = sha Dr

shx chx chxshx
L.Derbal
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Knowing that

N . 1 1 e2w _ 6—2:1:
chx + shx = e, chx — shx = e " and chxshx = §3h23: =535

2
After substituting into the equation we obtain:
P — 46—_90 o et (6250 _ 6—230) — 4o T & 621‘ (6290 . 6—293) — 4
- e2r _ o2z - -
4 In5

¢ _1=4s e =5 hence r = —

=
¢ A

b) The function Argchz being defined on [1,400], the variable  must be > 1. The system
is equivalent to:

3lnx =2Inchy In 23 = Inch?y 2 = ch?y
Argchx =2y Argchx = 2y x = ch2y

Use the identity:

h2y + 1 1
ch2y = 2ch*y — 1 & % = ch*y & % = ch*y,
thus
1
B o= et o106 (-1) (222 + 20+ 1) =0
= 1 =1 (22 +2x + 1 # 0 because the discriminant is negative)

Hence the only solution of the system: x = land y = 0. Dr
L.Derbal
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