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Exam

3 Year Licence in Mathematics

Exercise N° 01: (05 Points)

Let P,(,I € |1+ 0] with D q r
Show thatif T € L"(Q)and g € L'(Q), then fg € L' () and
H fg L" SHfHLpHgHLq

where €2 denotes an open set of IR .

Exercise N° 02: (09 Points)
We define the Fourier transform of the function f € L'(IR) by the following formula

F(f(X)(w) = f(co) = I_m f (x)e‘z’”‘”X dx,we IR.
1. Compute the Fourier transforms of
(@, f)(x)=f(x-a),acIR and (h,f)(X)=f(A1x), 1< IR.
2. Let the functions be defined on IR by

1 1 1 4
f(x)= , g(X)== + f(=Xx), k(x) =
() 1+ x> 9(x) 2X1+x2 (=x), k(x) 5—2X+ X
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Knowing that f(a))zﬂe_z”‘”‘,determine §() and k(o) .

Exercise N° 03: (06 Points)

Use the Laplace transform to solve the following differential equation:

e V' () - y(t) =3e 2 +t+1 1)

< with the initial conditions

= ¥(0)=y'0)= 0 @

£ Good luck Dr. Ali KHALOUTA




Typical Correction of Exam « Integral transforms in Lp spaces »

Exercise N° 01 (05 Points) :

1 1 1
Let P,,r € |1+ with PRl

We show that if T € L"(Q)and g € L' () , then fg e L' (X2) and
ol <[l ]9l
where €2 denotes an open set of IR .
For this, we have
gl = J,Ifol dx=[ | []gl ax

On the other hand we have

1 1 1 1 1
=+ =1
r

P q L R
r r
According to Holder's inequality, we have -m

fall. = [f]']g]" dx

Mf\r)?dxy’ [, lor ?dX]‘r‘

IA

IA

(o | (oo |

]9l
Which implies that '

119l <[]l

Since f €L”(Q)and g € L7(€2), the we have HfHLv <% and HgHLq <00, which

implies that H ngLr <o 50 fgel (QY). \@



Exercise N° 02 (09 Points) :
1. We compute the Fourier transforms of

(0. f )(¥)=f(x—a),aelR and (h,f)(x)=f (1x),A€IR.

where
F(f())w)=f(0)= j: f(x)e " dx,w e IR.

1) With the change of variable Y = X—a, we find
Flloa f)00N@) = F(f (x-a))(@) = [~ f(x—a)e " dx

:J~_+oo f(y) e—z;;ia)(y+a) dy

— e—ZﬂiwaI+: f (y) e—27zia)y dy

— e—27ria)a'|.j: .I: (y) e—27ria)y dy

— e—27ria)a f(a))
i) By definition ,we have

F((h,F)00X@) = F(f (A)) (@)= f (2x)e " dx

There are two cases
-1f A >0, we put Y=AXx=dy = AdX | then

F((h,F)(x)Xe) =F(f (A)@) =] f (y)e dTY

-1f A <0, then
F((hF)(0)@) = F(f Ax))@) =] f(y)e  + d7y

Finally, we have
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2. Let the functions be defined on IR by

f(X)=1+1X2,9(X)=%>< —+ f(=x), k() = 1

1+ X X2 —2X+5

Knowing that f(a))=7re_2”‘w‘, we determine §(®) and k(o)

i) For the first function g(X), we have

909 = F(0+ ()

Which implies that

6(w) = F[ f(0+ f (- x)j(w)

F(f (00)@)+F(f (-x))(@)

ii) For the second function K(X) , we have .
4 1

k(x) = -

52X+ X [X_lf
1+ —
2
Which implies that a\

Then

(o) = (1260100 o) =200 e

— 9p~27i20) f(Za))
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Exercise N° 03 (06 Points) :
We use the Laplace transform to solve the following differential equation:

vt -y(t) =3 +t+1 @)

with the initial conditions
y(0)=y'(0)=0 (2)

Applying the Laplace transform to both sides of equation (1) and using the linearity

property, we obtain: .ﬁ

L (y"()-L(y())=3L{e® )+L(t)+L

Using the Laplace transform of the second derivative, we have:
1

2 - 3
p L (y())- py(©)-y'(0)- L(y(1)= o

By substituting the initial conditions (2), we find
3 1 1

p’ L (y(t)-L(y(t))=——+=+=

p+2 p* p
By a simple calculation, we obtain
4p +3p+2
—T)L (y(t
(p* -1 (y(t)) - 12
Which implies that \“
4p* +3p+2
L(y(t)=—
p*(p+2)(p* -1

1 1 1 3 1 3 1
A Tl S ) [
p p> p+2 2(p-1) 2(p+1

Applying the inverse Laplace transform, we find the solution to equations (1) and (2) as
follows

3 3
t)=-1-t+e ™ +=e' - =g
y(t) 5¢ =3

Ounl

Dr. Ali KHALOUTA
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