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Chapter 4 : Conditional probabilities and independence : Conditional distributions of
continuous random variables
1. Conditional distributions of continuous random variables

The following definition gives the formulas for conditional distributions of continuous random variables
by simply replacing sums with integrals and PMF’s with PDF’s

Définition 1. (Conditional PDF) If X and Y are continuous random variables with joint probability density
function (PDF) given by f(z,y), is the joint probability mass function. The conditional probability density
function of X, given that Y = y, is defined by

Ix.v(z,y) :
; . i fy(y) >0,
fX|Y(~T\y) = { ()

0, otherwise.

Définition 2. (Conditional CDF of continuous random variable) If X and Y are continuous random
variables, the conditional cumulative distribution function of X given ¥ =y is

Py (oly) = POX < aly =) = [ " ey (ty)t.

1.1. Properties of conditional probability density function

1. The conditional PDF for X, given Y =y, for a fixed y, is a PDF satisfying the following :

0< fxjy(r|y) and /fo‘y(ZE | y)dx =1

2. Typically, the conditional distribution of X given Y does not equal the conditional distribution of Y
given X, i.e.,

Ixiy(@y) # fyix(y | o)

3. If X and Y are independent, continuous random variables, then the following are true :
fxiy (@ |y) = fx(x)
fyix(ylz) = fr(y)
2. Conditional expectation and variance

Définition 3. Let X and Y discrete random variables, then the conditional expected value of X, given Y = y,
is given by

px|y=y =E[X | Y =y] = ZJUPX\Y@U | y)
and the conditional variance of X, given Y = y, is given by

J§(|Y:y =Var(X |Y =y) =E [(X - #X|Y:y)2 Y = y} = Z (90 - /~LX|Y:y)2pX|Y(~T | y)
rESx

=E[X?|Y =y] - pkjy—, = ( > aPpxpy (x| y)) — WX|y=y
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Similarly, if X and Y are continuous random variables with joint PDF given by f(x,y), then the conditional
expected value of X, given Y =y, is

EX|Y =y = /Rxfx\y(iﬁ | y)da

and the conditional variance of X, given Y =y, is

Var(X | Y =y) =E[X?|Y =y] — (E[X | Y = y])°

= /Rfoxpf(x | y)de — (/R whxy (@] y)dx>2'



